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Abstract

Meshfree collocation in reproducing kernel Hilbert spaces is an es-
tablished method to solve generalized interpolation problems such as
PDEs. It can be formulated as an optimization problem with equal-
ity constraints. In this paper, we consider optimization problems with
both inequality and equality constraints for general linear operators,
and develop a general theory of discretizing such problems. The unique
solution of these discretized problems is obtained using quadratic op-
timization, and we show that the solutions of the discretized problems
strongly converge to the unique solution of the original problem. The
general theory is applied to compute complete Lyapunov functions for
autonomous ordinary differential equations.
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1 Introduction

Meshfree collocation is an established method to solve (generalized) inter-
polation problems such as partial differential equations, see e.g. [25] for the
general method and [18] for applications to the computation of Lyapunov
functions. The framework for this method is a linear (differential) operator
L, which acts on a Hilbert space H with inner product (.,.) s, consisting of
functions v: Q € RY — R. We consider the problem

Lv(z) = r(x), x € (1)

for v, where r is a given function. Fixing a set of finitely many collocation
points Xq = {x1,...,2n} C Q, we find an approximation by solving the
generalized interpolation problem

minimize ||v|g

subject to  Lv(z;) = r(x;) for z; € Xq.

The solution of the generalized interpolation problem is given by
N
vi(a) =Y B, (@),
j=1

where [(; € R are coefficients and vy, are the Riesz representers of the
linear operators A\; = d,; o L € H*; 4., denotes the point evaluation at
x;. If H is a reproducing kernel Hilbert space with positive definite kernel
K:Q xQ — R, then the Riesz representer is given by vy, (z) = )\?K(:L",y),
ie.

N
v (z) = Z ﬂj)\gK(x, Y).
7j=1

Here, the superscript y denotes the evaluation of A; with respect to the
variable y. The coefficient vector 8 = (B;)j=1,.. n is found by solving
AB = r, where the vector r = (7;)j=1,.. .~ is given by r; = r(z;) and
A = (aij)ij=1,. N with a;; = /\f)\?K(x,y) is a positive definite matrix if
all collocation points z; are regular, i.e. A\; # 0. Hence, the solution of the
generalized interpolation problem can be computed by solving a system of
N linear equations. The method can also be used to solve boundary value
problems, using different operators for the boundary points. If (1) has a
solution v, then there are error estimates on Lv — Lv* which involve the
fill distance hx, o = sup,cqinfsexq lly — z]|2, measuring how dense the
collocation points are in €.

In this paper, we seek to generalize this approach by also considering
linear inequalities. We consider again a reproducing kernel Hilbert space H
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of functions v: 2 — R with positive definite kernel K as well as a linear
operator L acting on H. We seek to solve a problem of the form

{Lv(:c) = r(z), xel,
Lv(z) < b(x), xeQ\T,

where I' C Q; both ' = @ and I' = 2 are possible, although the latter
case is the classical interpolation problem. To obtain a unique solution, we
consider the minimization problem

minimize ||v||g
subject to Luv(z) = r(x), xel, (2)
Lv(z) < b(x), xeQ\T,

for v, where r and b are given functions. Fixing two sets of finitely many
collocation points Xr = {z1,...,xp} C T and Xq = {zp41,...,2m4n} C
Q\ T, we discretize the problem, leading to

minimize lv||
subject to Lo(z;) = r(x;), z; € Xr, (3)
Lv(xi) < b(l‘z), x; € Xq.

It turns out that the solution of (3) is given by

M+N

@)= S BNEK(,y),

=1

where \j = 0;; o L and that the coefficients (; can be calculated as the
unique solution of a quadratic optimization problem. We will show the
strong convergence in H of solutions of the discretized problems (3) to the
(unique) solution of (2) if the fill distances of the collocation points go to
zero. The discretized problem has already been studied in [14].

In the second part of the paper, we apply the results to an important
problem from dynamical systems, namely the computation of complete Lya-
punov functions for continuous-time dynamical systems given by an au-
tonomous ODE.

A similar approach was used in [15], which deals with minimization prob-
lems with only inequality constraints and thus has to use a cost function
including an integral, since otherwise the solution would be trivial. In this
paper, we consider both inequality and equality constraints.

Let us give an overview over the paper: In Section 2 we state and prove
our main result. In Section 3 we apply the general method to the problem
of computing complete Lyapunov functions, present examples in Section 4
and end with conclusions in Section 5.
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2 Minimization problem

We assume that Q@ C R? is a bounded domain with Lipschitz boundary. Let
I' C ©; note that both I' = @ and I' = € are allowed, however, the latter case
is the classical generalized interpolation. Further, let L: H7(Q2) — H? ™ ()
be a linear, bounded operator, where H7(2) denotes, as usual, the Lo-
Sobolev space of (fractional) order o > d/2 +m + 1 with m € Ny.

Remark 2.1 We call a point x € R? singular point of the linear operator
L, if 64 o L = 0 and regular point of L otherwise.

Remark 2.2 An example for L is a linear differential operator of order
m € Ny given by
Lv = Z ca D™,

la|<m

where all ¢, € C°7™(Q2). Here, a singular point x is a point such that
co(x) =0 for all o) < m.

Note that the definition in Remark 2.1 in the context of differential
operators was given in [18, Definition 3.2].

Let H be a reproducing kernel Hilbert space (RKHS) that consists of
the functions H7(2). However, H?(2) is not necessarily equipped with the
standard inner product, but in general with one inducing an equivalent norm.
For a brief overview of reproducing kernel Hilbert spaces with the relevant
definitions and theorems, see [15, Section 2[; a more detailed introduction
can be found in [25, Chapters 10 and 16].

We consider the problem:

minimize  ||v|| g

subject to Lv(z) = r(x), zel (4)
Lv(z) < b(x), xeQ\T

with continuous functions r,b: € — R. The main result of this section
is that this problem has a unique solution v and, moreover, that it is the
limit of a strongly convergent sequence of solutions of discretized problems.
Those discretized problems can be formulated as finite dimensional quadratic
programming problems.

Let us first consider the discretized problem: choose finite sets of regular
points of the operator L (see Remark 2.1) Xt = {x1,...,zp} C ' and
Xao ={zm+1,-- -, zmen} € Q\ T again, M = 0 or N = 0 are allowed.
Furthermore, let A\; € H* be given by \;(v) = Lv(x;), it = 1,...,M + N,
as well as r; = r(z;), i = 1,...,M and b; = b(zpr44), i = 1,...,N. We
will deal with the discretized problems in Section 2.1. In Section 2.2 we will
establish the strong convergence of the solutions of the discretized problems
to the solution of (4), under the assumption that the fill distance of the
discretization points goes to zero.
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2.1 Discretized version

The discretized version was introduced and discussed in [14]. In this section
we will recall the main results, see [14, Lemmas 5.1-5.3], and then expand
by discussing the Karush-Kuhn-Tucker (KKT) conditions for this problem,
which are first derivative tests for a solution in nonlinear programming to
be optimal.

Proposition 2.3 We consider the problem for v e H

minimize ||v|| g
subject to N\j(v) = 1y, i=1,....,.M (5)
)\Z(U) < b, 1i=M4+1,... M+ N

where r;,b; € R, H s a reproducing kernel Hilbert space with kernel K,
inner product (-,-)g and norm || - ||g, and \; € H*, i =1,...,M + N are
linearly independent.

Then the unique minimizer of problem of (5) is of the form (6)

N
viz) = Y BNK(x,y), (6)

Jj=1

where the coefficient vector B = (B;)j=1,.. N is defined by the unique solution

of the minimization problem

-----

prAp
subject to B =r €RM (7)
and By <b €RN.
Here, A = < gl ) By € RMX(MEN) By € RNXMHN) and a;; = MK (2,y).
2

Summarizing, the problem (5) has a unique solution that can be com-
puted using the finite-dimensional quadratic optimization problem (7).

For the remainder of this subsection we study the relation between the in-
equality conditions and the corresponding coefficients 3;, j = M+1,..., M+
N using KKT conditions, following [8].

Proposition 2.4 Consider problem (7) and let 3* € RM+N be the solution.
Then g7 <0 foralli=M+1,...,M + N.
Moreover, for eachi € {M~+1,...,M+N}, if (B28*); < b;, then 5f = 0.

PROOF: We denote the i-th row (or column) of the symmetric matrix A by
a;, i=1,...,M + N. The discrete problem (7) can be expressed as

min  Fy(B) :BTA/B
such that H;(8) =alB—r; =0fori=1,....M
F(B) =alB—b <O0fori=M+1,...,M+N.

5
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Note that the functions F; are convex, H; are affine and they all are dif-
ferentiable, and the refined Slater’s condition is satisfied, since all constraint
functions F;, i = M +1,...,M + N are affine. Hence, the KKT condi-
tions provide necessary and sufficient conditions for optimality, see e.g. [8,
Chapter 5.5.3]. In more detail, 5* is a minimiser if and only if the KKT
conditions hold. Here, i and v are the KKT multipliers; for problems with
no inequality constraints, these would be Lagrange multipliers.

H;(5*) = Ofori=1,...,M
F(p*) < Ofori=M+1,....,M+ N
w; > Ofori=1,...,N
uiFM_H'(B*) = Oforizl,...,N
0 =

N M
VE(B*) + Y iV Fusi(B%) + Y viVH(B).
i=1 =1

These conditions become in our case

a?ﬂ* = rifore=1,...,M
alB* < bifori=M+1,...,M+N
w; > Ofori=1,...,N

pi(aiy 8" — barss)

Ofori=1,...,N (8)

0

N M
2AB8" + Z Hi@pr 4 + Z via;
i=1 =1

The last equation can be equivalently written as

0 = A@m+<:>> 9)

Since a; are the columns of the (symmetric) matrix A. From (9) we can
deduce, since A is non-singular, that

e 40

Since p; > 0 for all ¢ = 1,..., N, this implies that 3 < 0 for all i =
M+1,...,M+N. From (8) it follows for each i = 1,..., N that if a}, ;8* <
bM+i, then i = 0, ie. ﬁz* = 0. U

2.2 Convergence

We now consider again problem (4) and will show that it has a unique
solution, which is the limit of solutions to the discretized problem.
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Theorem 2.5 Let Q C R? be a bounded domain with Lipschitz boundary.
Let I' C Q; note that I' = @ and I' = Q are allowed.

Let L: H?(Q) — H°~™(Q) be a linear, bounded operator, where m € Ny
and 0 > d/2 4+ m+ 1. Let byr : Q@ — R be continuous functions and
H = H?(Q) with norm || - ||g == || - ||k, induced by the reproducing kernel
ko : @ x Q = R, given by ks(z,y) = ®(z — y), z,y € Q, where O, is a
suitable, positively definite function.

Consider the optimization problem for v € H

minimize ||v|| g
subject to  Lv(z) = r(z), zel, (11)
Lv(z) < b(x), e Q\T.

Moreover, we assume the existence of Vo € H?(Q) satisfying the con-
straints of (11) as well as

o let X3y = {x?,...,x’]}/[nJan} C Q be a set of pairwise distinct and
regular points of L (cf. Remark 2.1) for all n € N. Set X' :=
{z¥,28,... ,x}‘/[n} and X§ = {x’j/[n+1,x7;47l+2, e ,x%n+N7l}.

e XPCTI'and X3 C Q\T.

o the fill distances hxp r = sup,er mingexn |z — zill2 (if T' # &) and
hxpo\r = SUPgeq\r Ming,exy [lv — zil2 (if @\ T # @) converge to 0
asn — o0o.

For n € N, we denote by vy, the (unique) solution v of the following
problem

minimize ||v|| g

subject to  Lv(x}) = r(z]), i=1,..., M,, (12)
Lo(z]) < b(z]), i=M,+1,...,M,+ Np.

Then the optimization problem (11) has a unique solution v. Moreover,
the solutions v, of the optimization problems (12) converge strongly in H to
v as n — 00.

Proor: We fix n € N and observe that the optimization problem (12) is
of the form (5). Indeed, since 2 has a Lipschitz boundary and o > d/2,
H := H°(Q) is a RKHS. On H?(Q2), we choose an inner product (-,-)g =
(s Ho(@) = (5 )k, induced by k,(z,y) = ®(x — y), 2,y € Q, where k;
is a reproducing kernel with positive definite function ®, : R — R. In
particular, we have g(x) = (g,ky(-,z))g for all g € H and x € Q, see [15,
Definition 2.1].
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Note that the functionals A; = dz» o L lie in H*, since L is a continuous
map from H?(Q) to H7~™(2) and ¢ > d/2+ m. These functionals are also
linearly independent, because z}' are regular points of L, cf. [18, Proposition
3.3]. Thus, the problem (12) is of the form (5) with those \;, r; = r(al)
fori=1,...,Mp, b; =0b(z}) for i = M,, +1,..., M, + N, and M = M, as
well as N = N,,.

We will show the strong convergence of the sequence (v, )nen of solutions

of (12) to an element v € H, which turns out to be the unique solution of

(11).
Step 1 We can conclude from (11) that

LVo(x}) = r(x}), i=1,...,M,
LVo(x}) < b(z}), i=DM,+1,...,M,+ Np.

This shows that V| satisfies the constraints of (12). Since v, is the minimizer
of this problem, we have

lonllr - < [IVollm =: Co. (13)

This shows that the bounded sequence ||v,| g has a subsequence, which
we again denote by (v,)nen, that converges weakly to a function v € H.
Moreover, we have
vz < liminf ||v, ||z < Co. (14)
n—oo

For Steps 2-4, we denote by (v, )nen any fixed weakly convergent subse-
quence of the original sequence; we will show the convergence of the original
sequence in Step 5.

Step 2 In this step, we will show Lv(x) = r(z) for all z € T and Lv(z) < b(x)
for all x € Q\T'; recall that v is the weak limit of the (sub)sequence (vp,)nen-

Let A = 6, o L € H*. Then the Riesz representer of A\ is given by
ANEkq(-,y) and hence

[Lo(x) — Lop(x)] = |A(v =) = [(v = vn, XEo (- y)) | — 0, (15)

since v,, converges weakly to v.

By a similar argumentation as above, the Sobolev space H?~"*(2) is also
a RKHS and we choose the inner product to be defined by a reproducing
kernel of the form ko, (z,y) = ®o_m(z — y), where &, _,,,: R — R. The
Sobolev embedding theorem implies H7~™(R?) C WL (R?) N C'(R?) since
o —m > d/2+ 1. Thus, there exists M > 0 with ||[V®,_,,,(§)|l2 < M for all
£ € RY,
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Given z,y € €0, we use the mean value theorem which implies the exis-
tence of ¢ € R? on the line between 0 and x — y to show that

| Lo (z) = Lon(y)|
(Lvp, kg—m(,2) = komm (-, Y)) go—m(a)

< N[Lvnll go—m@)llko—m (s ) = ko—m (- Y) | Ho—m(q)

= Lol o) (ko—m(2,2) + ko—m(y,y) = 2ko—m(z,y))"/?

< V200 |[vnll e @) (Po—m(0) = Pm(z — y))"/?

< V260Col| Voo (O %Il — 13

< Cillz - ylly” (16)

for all n € N by (13) and with Cy = V2¢oCo M2, Note that we have also
used that L: H?(Q2) — H?™() is a bounded operator with norm ¢ and
the identity

NV ko—m(2,y) = (N hg—m (-, @), Who—m (-, Y)) tro-m (- (17)

Step 2a: equality constraints If I" # &, then we will show Lv(x) = r(z) for

all z € I'. More precisely, we let x € " and € > 0, and will show that
|Lv(x) — r(x)| < e.
By (15), there exists N; € N such that for all n > N; we have

\Lo(z) — Lop(z)| < % (18)

Since r is continuous at x € I' C €2, there exists § > 0 such that
€
(@) (o) < 5 (19)
for all y € Bs(z).

Using that the fill distance satisfies hx. 1 — 0 as n — oo, thereis No € N
such that there exists z7' € X[ for all n > N3 with

(€
|z — 27|l2 < min <902,(5> . (20)
i

Let n > max(Ny, N2). By (18), (16), (20), (19) and Lvy(z;) = r(x}), we
have that

[Lo(z) —r(z)] < |Lo(z) = Loa(z)| + [Lon(x) = Lon(27)]
r(

+ [Log () — r(2f)| + r(z]) — r(z)]
< Sqo-S g0+t =
3" 30y 3 7

9
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Step 2b: inequality constraints If Q\I' # &, then we will show Lv(z) < b(x)
for all z € Q\ T'. More precisely, we let z € Q\ T and ¢ > 0, and will show
that Lv(x) — b(z) < e.

(15) implies the existence of N7 € N such that

€
|Lv(x) — Lo, (z)] < 3 (21)
for all n > Nj. By the continuity of b at = € €, there exists a 6 > 0 such
that

o) — bly)| < ¢ (22)

for all y € Bs(x).
Using that the fill distance satisfies hx, o\r — 0 as n — oo, there is
N> € N such that there exists zi' € X(; for all n > Na with

2
|z — 27[]2 < min <98012,6> . (23)
Let n > max(Ni, N2). Then (21), (16), (23), and (22) as well as Lvy(z;) <
b(x) imply

(2

Lv(xz) —b(x) = (Lv(x) — Luy(x)) + (Luy(x) — Lo, (x}))

+ (Lo(zi') = b(z7)) + (b(z7') — b(2))
< SHCi— 404 ==
3 3C1 3

Step 3 In Step 2 we have shown that Lv(z) = r(x) holds for all x € T" and
Lv(z) < b(x) holds for all x € Q@ \ I'. Hence, v satisfies the constraints of
(12) for each n € N and thus

[onllmr < ol

since vy, is the minimizer of (12).
This implies limsup,,_,  ||vn ||z < ||v||g and, using (14), also

i [on|[ i = [[v]|
n—oo

and thus that v,, converges strongly to v.
Step 4 We first show that v is a minimizer. Let V' € H satisfy the constraints

of (11), i.e. V also satisfies satisfies the constraints of the discrete problem
for every n. Hence,

[onller < IV'[| &

10
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and by the strong convergence, we can conclude ||v||g < ||V|| &, which shows
that v is a minimizer. The uniqueness of the minimizer v € H follows from
the strict convexity of || - || and the fact that the constraints are affine.

Step 5: Original sequence We have shown that every weakly convergent sub-

sequence of the original sequence (v, )nen (see Step 1) necessarily converges
strongly to v, the unique solution of (11). Now we establish that the original
sequence (v, )nen of solutions to (12) converges strongly to v. We argue by
contradiction and assume that there exists ¢ > 0 and a subsequence (vy, )ken
such that

||Un, —v||g > € for all k € N. (24)

(vn,, )ken is bounded and thus has a weakly convergent subsequence. But we
have shown that this subsequence converges weakly, and then strongly, to
v, which is a contradiction to (24). O

3 Complete Lyapunov functions

We will now apply the general theory, developed in the previous section, to
the problem of computing complete Lyapunov functions. Let us consider
the general autonomous ODE

i = f(z), where z € R%. (25)

We are interested in the determination of the chain-recurrent set R, which
contains attractors and repellers, and the stability of its connected com-
ponents via a complete Lyapunov function (CLF). A complete Lyapunov
function is a function V: R* — R, which is non-increasing along solutions of
(25) and even strictly decreasing along solutions outside the chain-recurrent
set R. Moreover, V(R) is a subset of R, which is nowhere dense, and the
level sets of V in R, V~1(r)NR # @ for r € R, are the chain-transitive com-
ponents of R, see [9, §6.4], [21, §4]. A CLF provides even more information
about the dynamics and the long-term behaviour of the system through its
values, e.g. an asymptotically stable equilibrium is a local minimum and the
values on different connected components of the chain-recurrent set describe
the dynamics between them.

Relaxing the assumptions on a CLF, we call a function V' that is non-
increasing along trajectories, a CLF candidate. If V is C!, then this can
be formulated as V(z) < 0, where V(z) = VV(z) - f(x) is the orbital
derivative, i.e. the derivative along solutions of (25). A constant function
is automatically a CLF candidate as it satisfies V(z) = 0 < 0, however, it
does not provide any insight into the dynamics. The larger the area, where

11
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V' is strictly decreasing, the more information the CLF candidate provides
regarding the dynamics.

Several methods have been proposed to compute CLFs. In [24, 5, 20], a
discrete-time dynamical system was defined by the dynamics between cells
through a multivalued time-T" map, computed using the software package
GAIO [10]. A complete Lyapunov function was computed via graph algo-
rithms [5]. The paper [7] proposed the construction of a complete Lyapunov
function as continuous piecewise affine (CPA) function on a given simplicial
complex, but required information on the location of local attractors. In
[1, 2, 3], CLF candidates are computed by solving

V(z)=-1 (26)

with meshfree collocation, in particular using Radial Basis Functions (RBFs);
however, note that (26) cannot be satisfied at all points in the chain-recurrent
set, and thus the error estimates from meshfree collocation cannot be em-
ployed.

A modified problem with a different cost function, namely

minimize ||V + [, V(z) dz
subject to V(z) <0 for z € Q,

was considered in [15] and the strong convergence of the discretized prob-
lems was shown. The solutions of this problem have values very close to 0,
however, no information about the chain-recurrent set is required.

We now apply the theory of the previous section to the problem of com-
puting a CLF (candidate). We consider the problem

minimize ||V||g

subject to LV (x) = —1, zel
LV (z) <0, reQ\T

where I is a subset of the area of gradient-like flow. The inequality constraint
guarantees that V' is a complete Lyapunov function candidate, while the
equality constraint ensures that V' = 0 is not the solution.

For the proof of Theorem 3.2, we require the existence of a complete
Lyapunov function with prescribed orbital derivative, which is established
in the following theorem from [17].

Theorem 3.1 Let & = f(x) define a dynamical system on an open set
Q C R with f € C*(Q,RY), where k € NU {o0}.

Then for every compact set I' C Q \ R, where R denotes the chain-
recurrent set, and every C*-function g: U — (—00,0) defined on a neighbor-
hood U C Q of T there exists a complete C*-Lyapunov function Vo: Q — R
with

12
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o Vo(x) = g(z) for allz €T and
o Vo(z) <0 forallz € Q\ R.

Now we can apply the theory of this paper to compute complete Lya-
punov function candidates.

Theorem 3.2 Consider the ODE

= f(z) (27)

with f € C*(RY,R?) and k > d/2+2, k € N. Let Q C R? be a bounded do-
main with Lipschitz boundary. Moreover, we choose b =0 andr € C? (2, R)
with r(z) < 0 for all z € Q, e.g. = —1.

Let T' # @ be a compact set with I' C Q\ R, where R is the chain-
recurrent set.

Setting 0 = k and N\j = 0y, 0oL, i = 1,...,N, where LV = VvV =
VV(x) - f(x) is the orbital derivative, and using points x' € §, which are
pairwise distinct and no equilibria, i.e. f(xl') # 0, this problem satisfies the
assumptions of Theorem 2.5.

In particular, there is a function Vy € H () satisfying the constraints
of (11) and the points x}' are regular points of L.

PROOF: The operator L is a differential operator of order m = 1 in the
sense of Remark 2.2; note that c., = f; € C°71(Q) with 0 =k > d/2 +2 =
d/2 + m + 1. Hence, the singular points of L are precisely the equilibria of
(27), see [18].

The existence of a function Vy € H? () satisfying the constraints of (11)
follows from Theorem 3.1 with any neighborhood U of I" and g = T“U. Note
that Vo € C*(Q) c H(Q) since o = k and Q is bounded. O

In practice we can choose I' as a very small set, even a one-point set with
o € R leads to good results. Since I' # @, the solution of the minimization
problem is not the trivial solution v = 0; however, there is no guarantee that
the areas where v = 0 are not considerably larger than the chain-recurrent
set R. In particular, it is conceivable that connected components of the
gradient-like set could be areas where v = 0. We will discuss strategies how
to avoid this in practice below.

The following proposition provides a fast way to compute an approxi-
mation of the chain-recurrent set. Assuming that the limit v is not only
a complete Lyapunov function candidate but a complete Lyapunov func-
tion, i.e. that Lv(x) = 0 if and only if x is in the chain-recurrent set, and
also assuming that n is sufficiently large, Proposition 3.3 implies that if
r =z} € X{, then 37 < 0 if z; is in the chain-recurrent set, and 5 = 0
otherwise. This is the motivation for a criterion in Section 4 to distinguish
between points in the chain-recurrent set and the gradient-flow part.
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Proposition 3.3 Let v be the solution of (11) with r = —1 and b= 0. Let
z=z € X3 CQ be a collocation point for all n € N such that Lv(x) < 0;
in particular, x is in the gradient-flow part.

Then there exists N € N such that for all discretizations n > N we have

Luy(z}') <0

and (B]')* = 0, where (8")* is the solution of the corresponding problem (7).

PROOF: By (15) we have Lv,(z) — Lv(z) = —e < 0; hence, there is N € N
such that Lv,(z) < —e/2 < 0 for all n > N. By Proposition 2.4 we can
conclude that (8/*)* =0 for all n > N. O

Corollary 3.4 Let G C Q\ R be a subset of the gradient-like flow. Assume
that the kernel is given by a Radial Basis Function with compact support
r > 0. Further, let @ # Go C G be such that infyeq, yea ||T — yll2 > r and
I'NG = @, i.e. points in G satisfy the inequality constraints.

Then there are necessarily points © € Gq such that v(z) = 0.

PROOF: Assume, in contradiction to the statement, that v(x) < 0 holds for
all z € Gy. Then Proposition 3.3 implies that (3/*)* = 0 holds and, because
of the form of v and the support radius, this shows that v(z) = 0 for all
x € G, which is a contradiction. O

The corollary thus shows that if the support radius is small, and we
provide limited information through a small area I" with equality constraints,
then the outcome is only a Lyapunov function candidate with large areas
satisfying 0(x) = 0 although they are part of the gradient-like flow. The
lesson to learn is thus to include points in I' which are not too far apart
with respect to the support radius r, see Example 3.5.

The numerical examples in the next section will show, however, that
when choosing the support radius sufficiently large, the limit v is a valid
complete Lyapunov function and is able to characterize the chain-recurrent
set very well, while if the support radius is too small, we miss areas.

Example 3.5 Consider the system @ =1 for x € [—2,2]; this system would
admit a complete Lyapunov function which is strictly decreasing in the entire
space [—2,2], e.g. the function v(x) = ¢ —x with any ¢ € R. However, when
choosing Xt = {—1,1} and thus approzimating a function with v(£1) = —1
and 0(x) < 0 for all x € [—2,2] on a grid of points Xq = aZ N[-2,2]\
{1} with o = 0.01 and the Wendland function 132 with support radius
1/e¢ = 1/2 we obtain a function which is only strictly decreasing in a small
neighborhood around +1, while being constant with B; < 0 in large parts,
see Figure 1. In this case, the algorithm converges to a candidate complete

14
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Figure 1: We use the algorithm for the system @& = 1 with only two points
I' = {—1,1} with equality condition v(+1) = —1 and support radius 1/c =
1/2 of the Radial Basis function. Top left: v(z), top right v(z). The function
v is constant apart from small neighborhoods around +1. Bottom left: the
values (; at each collocation point, bottom right: the values o(z;) at each
collocation point. The coefficients ; are only zero around +1 and at the
boundary of the interval; in the areas where they are strictly negative, the
function is constant.

Lyapunov function, which is not strictly decreasing in the entire gradient-
flow part.

However, if we increase the support radius to 1/c = 1/0.3, then the
function is decreasing at all points apart from zero and the boundary; note
that the coefficients B; are mostly zero, see Figure 2. Hence, to converge to
a complete Lyapunov function, we require a sufficiently large support radius.

We can use the method in two steps: we fix a set of points X and start
with an initial distribution of X = XrUXq with XpNXqo = @, usually with
a small number of points in Xt with equality constraints. In the second step
we potentially move points from X to Xt (so changing the set I'), by using
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Figure 2: We use the algorithm for the system @& = 1 with only two points
I' = {—1,1} with equality condition v(+1) = —1 and support radius 1/c =
1/0.3 of the Radial Basis function. Top left: v(z), top right ©(x). The
function v is strictly decreasing apart from 0 and the boundary. Bottom
left: the values 3; at each collocation point, bottom right: the values ©(z;)
at each collocation point. The coefficients 3; are mostly zero apart from at
0 and at the boundary of the interval; this is a consequence of the proof of
Proposition 3.3.

the following criterion:

1. If B; > =107 (i.e. close to 0), then the point z; is placed into the set
Xr, enforcing the condition v(z) = —1.

2. Otherwise, the point x; remains in Xgq.

We will see in the examples that the initial step identifies the chain-recurrent
set and its complement well, and then computes a suitable complete Lya-
punov function in the second step. The final result does not depend signifi-
cantly on the initial distribution of X into Xr and Xq.
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4 Examples

In this section we present case studies of 2- and 3-dimensional systems.
Given a set © C R? we consider the collocation points on a hexagonal

grid X = {a Zzzl W, 1 € Z} N © with fineness parameter «, where in

dimension d = 2 we have, e.g. wy = (1,0) and wy = (%, @) For higher
dimensions see, e.g., [12, Chapter 6] and references therein. As kernel we use
K(z,y) = ¢yx(c|w —yll2), where ¢ is a Wendland function, | = 4] +k+1,

and ¢ > 0 corresponds to the support radius through r = 1/c.

4.1 Two orbit system

We consider the system

@\ _ (e +y =14 @y - 1)~y
<y) a (—y(z2 +52 —1/4)(2? +§2 ~1) +i) = f(z,y). (28)

It has an asymptotically stable equilibrium at the origin, a periodic orbit
0 = {(z,y) € R? | 22 + y? = 1/4}, which is repelling, and a periodic
orbit Qy = {(z,y) € R? | 22 + y?> = 1}, which is asymptotically stable.
We set 0 = [~1.2,1.2]? and the fineness parameter a = 0.05. We split the
set X as described above into X (equality constraints) and X (inequality
constraints) and use the Wendland function 142 with parameter ¢ = 1.

In this example, we consider different sets I' for the equality constraints.
In more detail, we define the sets I := [0.15,0.25] x [-0.05,0.05], M :=
0.65,0.75] x [—0.05,0.05], and O := [1.05,1.15] x [—0.05,0.05]. The set I
(inner) is inside the periodic orbit €y, the set M (middle) is between the
periodic orbits € and €2, and the set O (outer) is outside of both the
periodic orbits.

B o6
=

Figure 3: The CLF v(z,y) (left) as well as 0(x,y) (right). We have used
O(x) =—1forx eI and v(z) <0 forz e X\ I.
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Figure 4: The CLF v(x,y) (left) as well as ©(z,y) (right) when using the
conditions v(z) = —1 for x € M and v(z) <0 for z € X \ M.

In Figure 3 we depict the computed CLF candidate together with its
orbital derivative 0, when we use the conditions v(z) = —1 for the collocation
points z € I and for all other collocation points z € X \ I we use the
condition v(xz) < 0. Figures 4 and 5 show the corresponding results when
using the conditions 0(x) = —1 for the collocation points x € M and x € O,
respectively and for all other collocation points v(z) < 0. In Figure 6 we
depict the computed CLF candidate together with its orbital derivative v,
when we use the conditions v(z) = —1 for the collocation points x € TUMUO
and for all other collocation points z € X \ (/UM UQO) we use the condition
o(x) <0.

Figure 5: The CLF v(x,y) (left) as well as ©(z,y) (right) when using the
conditions o(z) = —1 for z € O and v(z) <0 for z € X \ O.

In all four cases, the computed function captures the main features of
a CLF very well, in particular, the points where the orbital derivative is
negative as well as the minima and maxima: the equilibrium at the origin
is a local minimum, the repelling periodic orbit €y at radius 1/2 is a local
maximum and the stable periodic orbit 2o at radius 1 is a local minimum.
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Figure 6: The CLF v(x,y) (left) as well as ©(z,y) (right) when using the
conditions v(z) = —1 for x € TUMUO and v(z) <0 for z € X\ (IUMUO,).

However, there are differences in the values of v.

Complete Lyapunov functions provide information about many features
of the system, including the chain-recurrent set, as well as the stability
and basins of attraction of its connected components [4, 9, 21, 22, 23, 6].
However, note that although Theorem 2.5 asserts the convergence of our
method to a true CLF candidate, when the number of collocation points is
increased, methods that are designated to compute the chain-recurrent set
directly might be more efficient for this purpose [11, 24, 5, 19]. One way
to estimate the chain-recurrent set is to look at where the orbital derivative
fails to be negative. To study the orbital derivative in more detail, we
use two approaches. To estimate the chain-recurrent set, in this example
consisting of the equilibrium at the origin and the periodic orbits €2; and
Q, we triangulate the area [—1.2, 1.2]2 into small triangles, more exactly we
triangulate the area into 2 - 1000 - 1000 = 2 - 10% congruent triangles, and
then interpolate the computed CLF by a CPA (continuous piecewise affine)
CLF. For the CPA interpolation we have exact verifiable conditions to assert
that the orbital derivative is negative, see [16]. As can be seen in Figure
7, the general shape of the chain recurrent set is approximately obtained.
However, there is a lot of noise.

Another way, if we assume that the computed function is close to a CLF,
is to use the KKT conditions and approximate the chain-recurrent set with
those collocation points in z; € Xq, where the condition v(x;) < 0 is used,
and where ; < 0, which implies ©(z;) = 0 by Proposition 3.3. This is shown
in Figure 8 and shows a similar result; however, note that this only requires
to check that 8; < 0 and is thus much faster than the previous computation
using CPA functions on triangulations.

Numerically, we have used the criterion 8; < —107° to ensure that §; <
0. The choice of the parameter 107° is not important, as the transition
from small to large S is very sharp. As an example, we use a = 0.05 and
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Figure 7: The area where the orbital derivative of the CPA interpolation
of the computed CLF candidate fails to have a negative orbital derivative,
when using the condition v(z) = —1 for z € I and v(z) <0 for x € X \ I
(upper left), v(x) = —1 for x € M and v(z) < 0 for z € X \ M (upper
right), o(x) = —1 for € O and v(z) < 0 for x € X \ O (lower left), and
o(z)=—1forzx e ITUMUO and v(z) <0 forz € X\ (I UM UO) (lower
right).

thus have | X| = 1,232 collocation points. If we order the coefficients |5;| in
ascending order and plot log,((|3]) for points 320 to 335 we obtain Figure
9, which shows that any value between 10~ and 10~7 would give similar
results.

Second step

Now we perform the second step, described in the previous section: after
the initial computation, we use the same collocation points X, but move
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