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Abstract— This paper presents an algorithm to optimize a
given stabilizing controller by using control Lyapunov functions.
The approach consists of two steps. Using linear programming,
it first determines a Lyapunov function for the closed-loop
system that is obtained by using the initial controller. Second, it
determines a controller that is optimal w.r.t. a given objective
function, which tightens the input constraints and penalizes
large variations of the control. A case study considers a
predator-prey model with inputs and shows how the algorithm
improves a given controller in the described manner.

I. INTRODUCTION

Control theory provides a variety of techniques to compute
a stabilizing controller. To choose a suitable controller for
a particular application, a criterion in form of an objective
function can often be used. This allows to weight deviations
in the state and the input differently to put the focus rather
on a fast convergence or small inputs. Many applications
also require that the designed controller fulfills constraints
on the states and the input. Approaches like model predictive
control gained a lot of attention in the last years due to
their ability to deal with constraints [2], [5], [10], [17], [40].
However, they yield an optimal decision only at the current
state and are computationally expensive.

There exist different approaches and extensions in the
literature to satisfy input constraints, such as an extension
of Sontag’s formula [25], [37] or backstepping [7], [20],
[41] and there exists a variety of approaches that require a
smooth control Lyapunov function (CLF), such as passivity-
based control [8], [31], [42] and backstepping [34], [38].
Further, there exist approaches like nonsmooth backstepping
[30], [33] to extend existing methods to nonsmooth CLFs.
Besides these adapted methods, also nonsmooth stabilization
techniques like steepest descent, Dini aiming [22], [23],
optimization-based feedback/control [6], and stabilization
via infimum convolutions [32], [36] are based on different
subgradients [9] of the nonsmooth CLF to determine a
descend direction and to ensure a decay to the origin.

Even if determining a Lyapunov function (LF) for a
closed-loop system with a fixed control is a demanding task
and determining a CLF is an even more demanding task,
in particular for real-world applications and non-academic
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examples, the effort is often worth it. Approaches to deter-
mine either a LF or a CLF cover both analytical [4], [27]
as well as numerical approaches [3], [13], [18]. It becomes
clear that a CLF helps to derive a stabilizing controller, but
some approaches to determine a LF consider systems where a
controller is already applied. Therefore, the paper considers
this problem by starting with an arbitrary stabilizing con-
troller for an input-affine system. Applying it results in an
autonomous system, where a numerical algorithm is used to
determine a LF given as a continuous and piecewise affine
(CPA) function. As a novel contribution, the CPA algorithm
is then used in a similar manner to optimize the given control
in the sense that its upper and lower bounds get tightened
and that the control varies only slightly between neighboring
points.

The rest of the article is organized as follows: Section II
introduces the CPA method, which is used in Section III to
improve a given controller. The approach is applied to the
well-known predator-prey model of Lotka and Volterra in
Section IV, before the paper is concluded in Section V.

II. THE CPA METHOD TO COMPUTE LYAPUNOV
FUNCTIONS

Consider the system
x =1(x), ey

where f:R" — R" is a C? vector field with £(0) = 0. If the
equilibrium at the origin is asymptotically stable, then the
system possesses a Lyapunov function V, i.e. a real-valued
function from the state-space R", that has a minimum at
the origin and is decreasing along all solution trajectories
in a neighbourhood of the origin [26], [24]. Further, since
compact sublevel-sets {x € R": V(x) <c}, ¢ >0, of V
are in the equilibrium’s basin of attraction, one is often
interested in having the domain of V as large as possible.
The analytic generation of a Lyapunov function for a given
system is usually very difficult or impossible. Therefore one
often resorts to numerical methods to compute a Lyapunov
function, see e.g. the review [14]. In this paper we adapt
the so-called CPA method, that uses linear programming
to parameterize a continuous, piecewise affine Lyapunov
function on a triangulation of the state-space, see [12] or
[28] and [21] for earlier versions.

The CPA method can be summarized as follows: Given
is the system (1) and a triangulation 7 = (&y)yes, I an
index set, of a neighbourhood 2 C R”" of the origin, i.e. a
subdivision of Z into n-simplices &, = co(xy,X},...,X))
such that different simplices intersect in a common face



if they intersect at all. Here co(x,x/,...,Xx)) denotes the
convex hull of the affinely independent vectors X, X}, ... Xy,
which are called the vertices of the simplex G&,. We denote
the set of all vertices of all the simplices in 7 by ¥ and
we demand that 0 € 7, i.e. that the origin is a vertex.

The CPA method constructs a linear programming problem
for the system with variables Vx € R, x € ¥/, which are the
values of the Lyapunov function V at the vertices, that should
fulfill

Vo=0 and Vi > ||x|| for all other x € ¥ 2)

and, for every simplex &y = co(x},x,...,X}) € 7 and i =

0,1,...,n,

VW E(x]) + VW L EF (£) < =17 3)

Here VV, is the gradient of V on &,, explained below, -
is the scalar product and ||-|| the Euclidian norm, and the
system specific constants E} (f) are defined using Lemma 1
and equation (6) below.

Given a feasible solution to this linear programming
problem, i.e. values Vx € R, x € ¥, such that the constraints
(2) and (3) are fulfilled, we can define a function V: 2 — R
using the following: for every x € Z there is a simplex &,
such that x € &, and x =Y} ;A;x} can be written uniquely
as a convex combination of its vertices. We set

_v (Z l,x}’) =Y AV,
i=0 i=0

and it can be shown that V defined in this way is continuous.
Further, because the values of V at the vertices ¥ of .7 fulfill
the constraints (2) and (3), it can be shown that V(0) =0,
and for every x € 2° (interior of &) we have V(x) > ||x|,
and

hf(x)) —
D1V(x) := limsup Vix+hf(x)) = V(x)
h—0+ h
see e.g. [11, Thm. 4.6] and [12, Thm. 1] for a proof. The
term DTV(x) is the so-called Dini-derivative of V along
the solutions of (1) and assures that V is decreasing along

all solution trajectories, see e.g. [39, App. B.I] or [29,
Thms. 1.16, 1.17].

< _”XHa

For a simplex &, = co(xy,X{,...,X;) we define its shape-
matrix
Xy =[x} —x§ xJ—x§ XX—X(‘)’]TER”X".

It can be shown that with

Var = Vay

Vxﬁ/ — V v

vV, =X, T

Vay — Vi

we have
V(x) = VVy - (x—xq) + Vy

for all x € &, and all &, € .7. Hence, the constant vector
VV, € R" is the gradient of V on &5,

The following from [29, Lemma 4.16] is fundamental for
the CPA method and we will need it later for our novel
approach.

Lemma 1: On an n-simplex & :=co(x,X|,...,X,) C R",
we have for a function g € C*(&) and every x =Y, A;x; €

S and any d €{0,1,...,n}, that
n n n
g(Y Aixi) = Y Aig(xi)| < Y AE;,
i=0 i=0 i=0

where
n B .
Z b =xal (I =xals |+ [[xi =xals)) - @)
for every vertex x* € {xo,X1,...
nent of the vector y and

1

,Xn}, [y]i is the ith compo-

2

8xr8xs( )‘ ®)
Recall that since G C R” is a closed set such that & = &°,
g € C?(&) means that g has continuous second-order
derivatives on G° that can be extended continuously to &.

B, = max

Motivated by Lemma 1, we define for a C? vector field
f:R" — R” the constants

; (6)

for ns=1,2,...,n and &, € 7, and the constants E (f) as
the E; in (4) using these B),(f) for the B,; and &, for &.
Then

n

— ) Af(x})

n

A'iEiv (f)
0

o 1

for all x=Y7 (Aix} € &y =co(xy,X],...,X)). Note that in
(4) we have upper bounds on the second order derivatives,
which might be conservative, but as these upper bounds are
multiplied with numbers that are less than the square of the
diameter of the simplex &, this conservatism is not limiting
in theory or practice. For a quite detailed discussion on the
EY(f) and how to implement them see [16].

We will not discuss further the details of the CPA method
here, but refer the interested reader to [12] and [19], where
it is shown that the CPA method can parameterize a Lya-
punov function for the system (1) whenever the origin is
exponentially stable.

III. METHOD

We consider the control affine system
x =f(x) + G(x)u(x), G(x)eR"™", (7

with the control u: R” — R™. Let a triangulation .7 as in
the last section be given and assume u is given by

x)=u() Ax}) =Y Au(x)), (8)
i=0 i=0

i.e. u is a vector-valued CPA function.



A. General idea

In the first step in our approach we use a given control
u, and use its CPA interpolation u to obtain a closed-loop
system (7), for which we compute a Lyapunov function. That
is, we set u(x) = u,(x) for every x € ¥ and then interpolate
as in (8). To compute a Lyapunov function for the closed-
loop system (7) using the CPA method we set f =f+ Gu:
The variables of the linear programming problem are Vy € R
for all vertices x € ¥ and the constraints are

VW £(x) + VW L EF (£) < —[Ix7 9

where E}(f) is as in (4) with

B, = B,(f) + B,(Gu). (10)

For the second step we keep the CPA Lyapunov function
V computed in the first step constant and compute a new
CPA control u, such that V remains a Lyapunov function for
the closed-loop system. This is also done by using the CPA
method with the following linear programming problem:
For all vertices x! of the simplices in .7, the variables
of the linear programming problem are u(x’) € R with
k=1,2,...,m. The constraints of the linear programming
problem are given as

YV B(x7) + VW [ EY (]) < =[x/ |- (11)

In both linear programming problems, in the first and the
second step, we also include the constraints

Vo=0 and Vx> |x||

for all vertices x € ¥\ {0} of the triangulation .7, which
enforces V(0) =0 and V(x) > ||x|| for all x € 2\ {0}.

That is, in both linear programs we have the same con-
straints and the only difference is that we have different sets
of variables. Further note that in the first step the B);(Gu)
in E) (f) are constant, but in the second step they do depend
on the variables u(x}). Similarly, the VV,, depend on the
variables Vi in the first step, but are constants in the second
step.

It follows by Lemma 1 that if the conditions (9) or (11)
are fulfilled, then

VVy -£(x) < —|x|

for all x € 2. Just note that for an x € & and &, € .7 such
that
n
x=) Ax} €6,
i=0

is a convex combination of its vertices, we get by Holder’s

inequality, Lemma 1, and (11), that

VW, -f(x) = VV, - <¥(x) -y Af(xY )) + Z 4V, f(x))
i=0 i=0

l

<[IVWli

T(x) - i)mxr)

n ~
+ Z liVVv . f(xzv)
i=0

=

< Y4 (IVW I E ®+ YV, ()
i=0

i A«,’le
i=0

The idea is now to use the objective of the second linear
programming problem to obtain a control that is in some
sense better than the original control u,. Our suggestion is
to compute a control u: Z — R™ in the second step that
minimizes

SIS IES

i=0

= —[xII.

[afle +w- max [[Viyle (12)
k=12,..m

for some parameter w > 0. The first term is to minimize the
control action u. The second term with the w > 0 is to obtain
a control that does not vary too much; this will become more
clear in the example in Section IV.

B. Computing the needed constants

To use our proposed method, we need to compute the
constants B}, (f) and B}),(Gu) in (10). Obtaining bounds
for the BY(f) is straight forward from formula (6), so we
consider the constants B),(Gu). First note that by (8), on the
simplex &y, the jth component of u can be written as

uj(x) = V- (x—x3) +u;(xq)
and with
uj = [uj(x}’) —uj(xy),
we have, similarly as for VV,, that
Vuj = XJTﬁj.

The jth component [Gu]; of the vector valued function Gu
is

[Gu; =) Guu
k=1
and we compute

aZ 2 m
0x,0x; (Gulj = dx,0xy =
_d & [(9Gyi duy
- erkz’ ( 0x; uk+ij8x5>

1 82ij ank auk
- Z <8xr8xs et ox; 0x, +

.. . 92
because uy, is linear in x and therefore r g’; =0.
r S

Gjruy

8 ij 8uk
ox, 0xg




We now compute upper bounds for Bys(g) with g(x) =
VVy - G(x)u(x):

With )
2°Gjx
G, , = ma = (x
virs xee)f, ‘8)5,8)6&,
k=12,...ym
j=12,....n
and 3
Gk
Gy, = -
v = max ‘ o, (X)’
k=12,...m
j=12,...n
we have, because maxyca, |[u(X)||1 =maxj—o,1,. |[u(x’)|1,
n 82G~k
Z Z[VVV]]a a] Uk
j=1k=1 Xr0Xs

o 8G-k 8uk m 8uk
VW)= 5= <Gy, VWl ;
J:Zlk);l ox, 0xg Vs k);l 0x;
and
L 8G~k8uk i 8uk
W, i —LE =% < GE L ||VW, .
]_;kg’][ V]J 8)(75 axr— V,.S” V”lkg,l axr
Hence, by (5) we can set
Bale) = [Vl (G s IV
i=0,1,....,n
i 8uk m 8uk
G} G}
+ k; x| k; o,
or, in accordance with (9) and (10),
B)(Gu) =Gy, max |ju(x;)];
i=0,1,....,n
i 8uk i 8uk
G} — |+ G —_—
+ V’r]; 0x, + V’Skg‘l ox, |’

where we note that % and % are constant numbers on
Sy. A simplified sufficient bound for the last term is given
with

Uy = o= U)o
vi=max u(x)]l. = max [ju(x;)]
and
Up = % -= Vitg oo
vi= max Vi)l = max Vi
k=12,....m
as

BYS(GU) = nGT/,rsUV + m(GT/,r + Gt,s>U\T'

These simplified bounds are the bounds we will use in our
example in the next section. Note that these sufficient bounds,
which might be conservative, are, in the LP problems,
multiplied with numbers that are less than the squares of the
diameters of the simplices G, which can be made arbitrary
small.

IV. EXAMPLE: PREDATOR-PREY MODEL
Consider the Lotka-Volterra predator-prey model

X1l | ox — Bx1x; x1 0 [ug(x1,x2)
|:XZ:| a |:sz+5961)€2:| + |:0 X2:| |:u2(x1,xz):| (13
—_—— —

=f(x1,x2) =G(x1,%2)

from [35], with additional controls uj,u as an input. The
predator-prey model describes the interactions between two
species x (the prey) and x; (the predator). The parameters in
(13) are given as ¢ = 1.1, B =0.4, y=0.4, and § =0.1 and
are known as the prey growth rate, prey death rate, predator
death rate, and predator growth rate, respectively. We want
to stabilize this system at x* = [10,4]7. This can be done
using the control [35]

— 0t + Bxa + tanh(—(x —XT))} _

y— Ox1 +tanh(—(x2 —x3)) (14

u,(x1,x2) = {
We map the equilibrium x* to the origin using the coordinate
transform [x1,x2]7 — [x; —x},x2 — x3]7, and consider the
system (7) with

f(xy,x) = { o(xy +x7) — Blxg +x7) (2 +x3)

—Y(x2 +x35) + 0 (x1 +x7) (x2 +3)
X1 +x7 0
Glae) = [ o xz+x§]'

} and

In these coordinates the control (14) is given by

—a+ B (x2+x3) + tanh(—x; )} .

¥— 8(x1 +x0) +tanh(—x) )

ug(x1,x2) = [
In the example n =m =2 and we can set
B1,(f) = By, (f) = max{|B|,|8]} and BY, (f) = Bx,(f) = 0.
Further, we can set

3
Gv,rx

=0 forall rse{1,2}

and
GT/.,I - Giﬁ,yz - 1

We used the triangulation 0.222, see Fig. 1; for a detailed
discussion of this triangulation see [1], [15]. Note that the
domain Z of the triangulation is approximately a circular
disc centered at the origin and with radius 3. It is subdivided
into 1,800 triangles.

As control we used the CPA interpolation of the analytical
control u, in (15), see Figs. 2 and 3, and we computed a CPA
Lyapunov function (see Fig. 4) as in the first step of the
algorithm described in the last section. In the linear program
we minimized maxyer||VVy||1 on 2. For the analytical
control we have

max |[u(x)||w = 2.44669 and max ||Vig(x)||- = 0.993386.
xe7 k=1,2
Xe9

When we minimize maxye g ||u(x)||- in the second step of

the algorithm we obtain the control u = [uy,u;]” in Figs. 5
and 6. For this function we have

max |[u(x)]| = 1.23816.
x99



uy (1, 22)

Fig. 2. The first component u; of the CPA interpolation of the analytic
control u, from (15).

Note that the control is very irregular and jumps up and
down. This is to be expected, as there is noting in the
objective working against this.

If we minimize maxyeq |[(X)||e + maxg—i 2 || Vitg (X)||oo,

9
i.e. (12) with w =1, we obtain the controlxgm Figs. 7 and
8 with
max [[u(x)|| = 1.23816 and max ||V (x)]| = 0.4123.
Xeg k=12
b &7

Interestingly, the value maxycy ||u(x)|l« = 1.23816 has
not grown in comparison to when we only minimized
maxye o |[u(x)]|-, but the control is much more regular.

V. CONCLUSIONS

The paper considered a two-step approach with the goal to
improve a given controller. In a first step, the CPA algorithm
was used to compute a control Lyapunov function (CLF) for
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Fig. 3. The second component u, of the CPA interpolation of the analytic
control u, from (15).

Fig. 4. The Lyapunov function computed for system (13), with the CPA
interpolation of (15) as control (closed-loop system), using the CPA method.

the closed-loop system. In a second step, the CPA algorithm
was adapted to determine a controller that is optimal w.r.t. a
given cost function, which was chosen in order to bound the
control input as well as its variation. A case study has shown
the effectiveness of the approach.

This approach could be the first step of an iterative pro-
cedure to determine a control under given input constraints
and thus, it contributes to the existing methods on controller
design under constraints.
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