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Abstract

Analyzing the stability and performance of conewise linear systems, e.g.,
hybrid integrator-gain systems (HIGS), requires tools speci�cally designed
for hybrid systems. For HIGS in particular, most results rely on construct-
ing continuous piecewise quadratic (CPQ) Lyapunov functions by solving
suitable sets of linear matrix inequalities. For the purpose of creating ad-
ditional e�cient methods for the analysis of HIGS-controlled systems and
other conewise linear systems, a method for constructing continuous piece-
wise a�ne (CPA) Lyapunov functions with linear programming is investi-
gated. We present the following main contributions: First, we extend the
CPA method to the construction of input-to-state stable Lyapunov functions
for conewise linear systems by using Farkas' lemma. Second, we show that
the CPA method can also be used to calculate upper bounds on important
performance metrics of conewise linear systems, speci�cally, the L1-gain and
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H1-norm. Third, a converse theorem is presented, which shows that, given
a stable conewise linear system, the method presented in this paper always
succeeds in �nding a CPA Lyapunov function to the system provided that
the CPA function is su�ciently re�ned. The CPA method is demonstrated
in a numerical example for the stability and performance analysis of a HIGS-
controlled system. In this example, the CPA method is compared to the
CPQ method in terms of computational e�ciency.

Keywords:
Hybrid integrator-gain system, Input-to-state stability, Linear
programming, Lyapunov methods, L1-gain, H1-norm.

1. Introduction

The demand for precision and throughput in high-tech motion systems is
ever increasing. To facilitate these developments, controllers with progres-
sively stricter performance requirements need to be designed. While linear
time-invariant (LTI) controllers deliver high accuracy in a wide variety of
applications, they su�er from inherent limitations in performance [1]. For
this reason, the design and analysis of hybrid controllers has gained much
traction, as they can potentially overcome these limitations for LTI plants.

Speci�c examples of hybrid controllers proposed for LTI plants are, among
others, reset controllers [2, 3] and hybrid integrator-gain systems (HIGS) [4],
the latter of which are of interest in this paper. Similar to an LTI integrator,
these controllers induce a 20 dB/decade amplitude decay when evaluated
with a frequency-domain approximation using a describing function. How-
ever, they di�er in the amount of phase lag induced: Reset control and HIGS
only induce 38.15° phase lag as opposed to 90° phase lag by an LTI integrator.
This shows a potential bene�t of these hybrid controllers over LTI integrators
that could be used to achieve higher performance. Notably, reset control uses
discontinuous control actions, which complicates stability analysis and could
pose a performance problem for systems with higher-order dynamics. HIGS
alleviates these problems as it provides a continuous control input by chang-
ing resets to projections. In previous work on HIGS-controlled systems, they
have been shown to be well-posed [5, 6] and to indeed improve performance
in high-precision motion systems, where previously LTI integrators were used
[7, 8].

However, the tools for the stability and performance analysis of hybrid
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systems, like HIGS-controlled LTI systems, are much more limited than for
LTI controllers. This is because a HIGS-controlled LTI system, i.e., an LTI
plant in a feedback loop with HIGS, is described by a discontinuous conewise
linear system [9], where some of the subdynamics are only active on a lower
dimensional subset of the state space. Using the superposition principle in
the closed loop, frequency-domain-based approaches for guaranteeing stabil-
ity, which are popular design tools for LTI systems, can no longer directly
and non-conservatively be applied. Thus, alternative methods based on con-
structing common quadratic or continuous piecewise quadratic (CPQ) Lya-
punov functions [10] were developed for guaranteeing input-to-state stability
(ISS) of HIGS-controlled systems, see, e.g., [5, 11]. In these methods, a suit-
able set of linear matrix inequalities (LMIs) are de�ned such that a solution
to the LMIs, which can be found by semide�nite programming (SDP), indi-
cates the existence of a Lyapunov function that proves ISS for the system. It
was also shown that these methods could be used to calculate upper bounds
on the H2-norm and L2-gain of conewise linear systems, which are commonly
used performance metrics [11, 12].

In this paper, we are interested in extending the toolkit for analyzing the
stability of conewise linear systems (CLS) in generic and HIGS-controlled sys-
tems in particular, without the need for SDP. Speci�cally, we are studying
methods that use linear programming (LP) to construct continuous piecewise
a�ne (CPA) Lyapunov functions. Although not used for HIGS and its varia-
tions so far, these methods have already been well discussed in the literature
and several ways of formulating the LP problem have been proposed, see,
e.g., [13�27]. These existing results motivate to study this CPA method for
the speci�c class of HIGS-controlled systems, which we will do in this paper.

We present the following main contributions: Firstly, we present a the-
orem that applies the CPA method to conewise linear systems for the con-
struction of ISS Lyapunov functions. The theorem is a modi�cation of the
CPA method from [27] with regional relaxations in the conditions of the LP
problem constructed with Farkas' lemma. Secondly, we show that the CPA
method can also be used to calculate upper bounds on important performance
metrics, speci�cally, the L1-gain and H1-norm. Thirdly, a converse theorem
is presented, which shows that given a stable conewise linear system and a
su�ciently re�ned CPA function, the method presented in this paper always
succeeds in �nding a CPA Lyapunov function for the system. Finally, the
proposed method will be demonstrated and compared to the CPQ method
using LMIs for computational e�ciency in a numerical case study. Part of
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these results were previously presented in a preliminary paper [28], on which
we expand in this paper.

The remainder of this paper is structured as follows. Section 2 introduces
notations and de�nitions used throughout this paper. In Section 3 HIGS
and HIGS-controlled systems are discussed. Section 4 presents the modi�ed
CPA method for the stability analysis of conewise linear systems and for the
calculation of upper bounds on the L1-gain and H1-norm. Subsequently, a
converse theorem for the presented method is provided in Section 5. In Sec-
tion 6 the CPA method will be compared to the CPQ method in a numerical
case study. Finally, concluding remarks are given in Section 7.

2. Notation and de�nitions

In this paper, we will denote the subset of R with nonnegative entries with
R≥0 . Inequalities for vectors hold componentwise. The p-norm, where p ≥ 1

and p ∈ N, of a vector x ∈ Rn is de�ned as ∥x∥p :=
(∑n

i=1|xi|p
) 1

p , where xi

is the ith component of x, and the in�nity-norm as∥x∥∞ := maxi=1,2,...,n |xi|.
Unless otherwise speci�ed, ∥·∥ can be an arbitrary norm. Finally, ∥A∥p :=
max∥x∥p=1∥Ax∥ denotes the matrix norm of the matrix A induced by the
p-norm.

De�nition 1. A signal x : R≥0 −→ Rn is piecewise continuous (denoted by
x ∈ PC), if there exists {tk}k∈N ⊂ R≥0, where t0 = 0, tk+1 > tk for all k ∈ N
and limk−→∞ tk = ∞, such that x is continuous for all t ∈ R≥0 \ {tk}k∈N and
limt−→t+k

x(t) = x(tk). If
∫∞
0

∥∥x(t)∥∥
1
dt < ∞ in addition to x ∈ PC, then we

write x ∈ PC1.

Consider the conewise linear system (CLS)

ẋ(t) = Ajx(t) +Bjw(t) if x(t) ∈ Xj

y(t) = Cjx(t) +Djw(t)
(1)

with state x(t) ∈ Rn, disturbances w(t) ∈ Rm, output y(t) ∈ Rp, all at time
t ∈ R≥0. Aj, Bj, Cj and Dj are real matrices of appropriate dimensions, Xj

are non-overlapping subsets of Rn, where j ∈ {1, ...,M} and M ∈ N, and
X :=

⋃M
j=1Xj ⊆ Rn. The closure of Xj is described by either a polyhedral

cone or the intersection of a polyhedral cone and a hyperplane, i.e.,

X̄j = {x ∈ Rn | Fjx ≥ 0 ∧ Πjx = 0}, (2)
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where X̄j denotes the closure of a set Xj, Fj ∈ Rq×n is a matrix with q ≤ n
and Π⊤

j ∈ Rn is an n-dimensional row vector. The right-hand side of (1) is
possibly discontinuous.

The signal x : R≥0 −→ X is a solution to (1) in the sense of Carathéodory,
if x is absolutely continuous and (1) is satis�ed for almost all t ∈ R≥0 [29].
We assume existence and forward completeness of solutions, which for HIGS-
controlled systems, introduced below, was shown in [6] if w ∈ PC. The
derivative of a solution x can be ill-de�ned and, therefore, the Dini-derivative
is used instead in those cases, which is de�ned as

D+x(t) = lim sup
h→0+

x(t+ h)− x(t)

h
.

To make the notion of stability of discontinuous systems precise, we in-
troduce the following de�nitions and theorem from [30], which are based on
the work of [31].

De�nition 2. System (1) is said to be input-to-state stable (ISS), if there
exist a KL-function2 β and a K-function γ, such that for any initial state
x(0) ∈ X and any bounded input w ∈ PC, any corresponding solution x of
(1) satis�es

∥∥x(t)∥∥ ≤ β
(∥∥x(0)∥∥ , t)+ γ

(
sup
0≤τ≤t

∥∥w(τ)∥∥) ∀t ∈ R≥0.

De�nition 3. A locally Lipschitz continuous function V : Rn −→ R is said to
be an ISS Lyapunov function for system (1), if it satis�es for all solutions x
and corresponding w ∈ PC

α1(||x(t)||) ≤ V (x(t)) ≤ α2(||x(t)||) and (3a)

D+V (x(t)) ≤ −α3(||x(t)||) + α4(||w(t)||) (3b)

for all t ∈ R≥0, where α1, α2 and α3 are K∞-functions and α4 is a K-function.

Theorem 1. If there exists an ISS Lyapunov function for (1), then (1) is
ISS.

2We adopt the standard de�nitions for K-, K∞- and KL-functions from De�nitions 4.2
and 4.3 in [32].
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Finally, consider the following performance metrics.

De�nition 4. [33] The L1-gain, i.e., the L1-induced norm, of (1) is de�ned
as the in�mal value of γ for which∫ ∞

0

∥∥y(t)∥∥
1
dt ≤ γ

∫ ∞

0

∥∥w(t)∥∥
1
dt

for all w ∈ PC1, x(0) = 0 and any corresponding output y.

De�nition 5. The H1-norm of system (1) corresponding to an initial value
x(0) = x0 is de�ned as the in�mal value of δ for which∫ ∞

0

∥∥y(t)∥∥
1
dt ≤ δ,

for any output y given initial condition x(0) = x0 and w(t) = 0 for all
t ∈ R≥0.

The H1-norm is de�ned in line with the H2-norm as de�ned for certain
classes of hybrid systems in [11, 12].

3. HIGS and HIGS-controlled systems

In continuous time, HIGS [4, 5] is described by

H :


ẋh(t) = ωhe(t) if (e(t), u(t), ė(t)) ∈ F1 (4a)

xh(t) = khe(t) if (e(t), u(t), ė(t)) ∈ F2 (4b)

u(t) = xh(t)

with state xh(t) ∈ R, error e(t) ∈ R and its derivative ė(t) ∈ R, control
action u(t) ∈ R, all at time t ∈ R≥0. The design parameters ωh, kh ∈ [0,∞)
are, respectively, the integrator frequency and the gain. Eq. (4a) is called
the integrator mode and (4b) the gain mode. The subsets F1,F2 ⊂ Rn are
visualized in Fig. 1 and are de�ned by

F :=F1 ∪ F2 = {(e, u, ė) ∈ R3 | kheu ≥ u2}
F1 :=F\F2

F2 :={(e, u, ė) ∈ R3 | u = khe ∧ ωhe
2 > kheė},

where we drop the dependence on t for shortness where possible.
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Fig. 1: Subsets F1, F2 in (e, u, ė)-space [4].
Fig. 2: LTI system G interconnected in
closed loop with HIGS H.

HIGS can be interpreted as follows: Assuming that (e(0), u(0), ė(0)) ∈ F
at initial time t = 0, e.g., if xh(0) = 0, the integrator mode will standardly
be active. However, if the integrator dynamics would cause (e, u, ė) to leave
the set F , then the gain mode is momentarily activated. This ensures that
(e, u, ė) lies in F for all t ∈ R≥0. See [4, 5] for more details.

The HIGS above is placed in a negative feedback loop, as shown in Fig. 2,
with the LTI system G given by

G :


ẋg(t) = Agxg(t) +Bgvv(t) +Bgww(t)

e(t) = Cgexg(t) +Dgevv(t) +Dgeww(t)

y(t) = Cgyxg(t) +Dgyvv(t) +Dgyww(t)

with state xg(t) ∈ Rng , control action v(t) ∈ R, disturbances w(t) ∈ Rm,
error e(t) ∈ R and output y(t) ∈ Rp, all at time t ∈ R≥0. Ag, Bgv, Bgw, Cge,
Cgy, Dgev, Dgyv, Dgew and Dgyw are real matrices of appropriate dimensions.
The system G includes plant dynamics and potentially LTI controllers present
in the control loop. Provided that the transformations from v and w to e
in G have relative degree two or higher, i.e., Dev = CgeBgv = 0 and Dew =
CgeBgw = 0, the HIGS-controlled system can be described by

ẋ(t) =

{
A1x(t) +Bw(t) if Hx(t) ∈ F1

A2x(t) +Bw(t) if Hx(t) ∈ F2

y(t) = Cx(t) +Dw(t),

(5)

7



where x =
[
x⊤
g xh

]⊤
∈ Rn with n = ng + 1,

[
Ak B
C D

]
=

 Ag −Bgv Bgw

Ah,k 0 01×m

Cgy −Dgyv Dgyw

 ,

Ah,1 = ωhCge, Ah,2 = khCgeAg

and

H =

 Cge 0
01×ng 1
CgeAg 0

 .

Note that (5) can be written as a conewise linear system (1), since regions
F1 and F2 can be partitioned into subregions Xj that satisfy (2).

4. Stability and performance analysis with linear programming

In order to parameterize a CPA function, we make use of a triangulation
of the domain of the state space. The speci�cs of such a triangulation will
be discussed �rst in this section. Following that, a theorem will be presented
that provides su�cient conditions under which the CPA Lyapunov function
is an ISS Lyapunov function to a CLS. Additionally, it will be shown that
the theorem can also be used to determine upper bounds on the L1-gain and
the H1-norm of a CLS.

4.1. The triangulation

We de�ne a triangulation T as a set of simplicial cones S1,S2, ...,SN ,
where N ∈ N. A simplicial cone Si ⊂ Rn, i ∈ {1, 2, ..., N}, is the positive
hull of n linearly independent vertices ri1, ..., r

i
n, i.e.,

Si =

{
x ∈ Rn | x =

n∑
k=1

λkr
i
k for some λk ≥ 0, k ∈ {1, 2, ..., n}

}
= {x ∈ Rn | Eix ≥ 0},

where Ei :=
[
ri1 ... rin

]−1

.

Let X :=
⋃M

j=1Xj be the domain of the state x of system (1). Then,
a triangulation T of X is a set of simplicial cones {S1, ...,SN} such that
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Fig. 3: Visualization of the triangulation K−1T5 (left) and T F
5 (right) for n = 3. Each

triangle represents a cross section of a simplicial cone and the corners of the triangles
represent the vertices of the triangulation.

X =
⋃N

i=1 Si. The triangulation T is shape-regular if all Si and Sj, where
i, j ∈ {1, ..., N} and i ̸= j, either intersect in a common, potentially lower
dimensional, face or not at all.

Examples of shape-regular triangulations are the triangulations K−1TK

and T F
K from [34], where K ∈ N is a measure of how re�ned the triangulation

is. For example, the triangulation K−1TK has N = 2n ·Kn−1 · n! simplicial
cones and vertices that satisfy

∥∥rik∥∥∞ = 1 and
∥∥rik − ril

∥∥
2
≤

√
n/K for all

i ∈ {1, 2, ..., N} and all k, l ∈ {1, 2, ..., n}. The triangulation T F
K scales the

vertices of K−1TK with a factor K/
∥∥rik∥∥2 for numerical conditioning. We will

use the triangulation K−1TK for the converse theorem in Section 5 and the
triangulation T F

K for the numerical case study in Section 6. A visualization
of the two triangulations is given in Fig. 3.

4.2. Construction of CPA Lyapunov functions

We parameterize a CPA function using a triangulation T of X by assign-
ing a value Vr to each unique vertex r of a simplicial cone in T , i.e., if rik = rjl
for some i, j ∈ {1, 2, ..., N} and k, l ∈ {1, 2, ..., n}, then Vrik

= Vrjl
. Then, a

CPA Lyapunov function candidate can be described by

V (x) = v⊤i Eix if x ∈ Si, (6)

where v⊤i =
[
Vri1

... Vrin

]
, i ∈ {1, ..., N}, and the dependency of x(t) (and

w(t) and y(t)) on t is from here on omitted for brevity where possible. Note
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that V is positively homogeneous of degree one, i.e., V (cx) = cV (x) for all
positive c, V is locally Lipschitz continuous by construction, V (rik) = Vrik

for
all k ∈ {1, ..., n} and i ∈ {1, ..., N}, and the value of V (x) in (6) is found by
linearly interpolating between the values of V (rik) and V (0) = 0 if x ∈ Si.

The following theorem poses su�cient conditions under which (6) is an
ISS Lyapunov function to (1).

Theorem 2. Consider system (1) and a shape-regular triangulation T of
X . Suppose there exist variables Vr ∈ R, nonnegative vectors uij ∈ Rn

≥0, real
variables lij ∈ R, where i ∈ {1, ..., N} and j ∈ {1, ...,M}, and constants
ϵ1, ϵ2 > 0 such that:

1. for every vertex r of a simplicial cone in T

Vr ≥ ϵ1∥r∥ ;

2. for all i ∈ {1, ..., N}, j ∈ {1, ...,M} and k ∈ {1, ..., n}

(v⊤i EiAj + u⊤
ijFj + lijΠj)r

i
k ≤ −ϵ2

∥∥∥rik∥∥∥−∥∥∥Cjr
i
k

∥∥∥
1
.

Then (6) is an ISS Lyapunov function of (1). If, in addition to conditions
1 and 2, there exists a variable γ ∈ R such that:

3. for all i ∈ {1, ..., N}, j ∈ {1, ...,M} and l ∈ {1, ...,m}

±v⊤i EiBjel ≤ γ∥el∥1 −
∥∥Djel

∥∥
1
,

where el is the lth standard unit vector of Rm,

then γ is an upper bound on the L1-gain of (1). If, in addition to conditions
1 and 2, there exists a variable δ ∈ R such that:

4. given x0 ∈ Sq

v⊤q Eqx0 ≤ δ,

then δ is an upper bound on the H1-norm corresponding to an initial condition
x(0) = x0 of (1).
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Proof. Firstly, we will prove that condition 1 implies that V satis�es (3a).
Because of the triangle inequality, V satis�es

V (x) = v⊤i Eix = v⊤i Ei

n∑
k=1

λkr
i
k =

n∑
k=1

λk(v
⊤
i Eir

i
k)

=
n∑

k=1

λkVrik
≥

n∑
k=1

λkϵ1

∥∥∥rik∥∥∥ = ϵ1

n∑
k=1

λk

∥∥∥rik∥∥∥
≥ ϵ1

∥∥∥∥∥∥
n∑

k=1

λkr
i
k

∥∥∥∥∥∥ = ϵ1∥x∥ .

Moreover, from the Cauchy-Schwarz inequality and the equivalence of norms
it follows that

V (x) = v⊤i Eix ≤
∥∥∥E⊤

i vi

∥∥∥
2
∥x∥2 ≤ c1∥x∥ (7)

for some positive constant c1. Thus, V satis�es (3a).
Secondly, we will prove that condition 2 implies that V satis�es (3b).

Note that, if x(t) ∈ Si and x(t+ δt) ∈ Si for an in�nitesimal small time step
δt, then

D+V (x) = v⊤i Ei(Ajx+Bjw) ∀x ∈ Xj ∩ Si.

Thus, V satis�es condition (3b), if

v⊤i Ei(Ajx+Bjw) ≤ −c2∥x∥+ c3∥w∥ ∀x ∈ X̄j ∩ Si

for some c2, c3 > 0 and all w ∈ Rm. By Farkas' lemma and the Fredholm
alternative, this is equivalent to

v⊤i EiAjx+ u⊤
ijFjx+ lijΠjx ≤ −c2∥x∥ ∀x ∈ Si, (8)

where Fj and Πj are de�ned in (2). Here, we make use of the fact that
v⊤i EiBjw is always smaller than c3∥w∥ for some positive constant c3, see,
e.g., (7). Thus, by proving (8), we prove that V satis�es condition (3b).
Since x ∈ Si, x =

∑n
k=1 λkr

i
k for some λk ≥ 0, k ∈ {1, 2, ..., n}. Thus,
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condition 2 implies that

(v⊤i EiAj + u⊤
ijFj + lijΠj)x

=(v⊤i EiAj + u⊤
ijFj + lijΠj)

n∑
k=1

λkr
i
k

=
n∑

k=1

λk(v
⊤
i EiAj + u⊤

ijFj + lijΠj)r
i
k

≤
n∑

k=1

λk

(
−ϵ2

∥∥∥rik∥∥∥−∥∥∥Cjr
i
k

∥∥∥
1

)
≤− ϵ2∥x∥ −

∥∥Cjx
∥∥
1
. (9)

Eq. (9) proves (8) and therefore V satis�es (3b) and V is an ISS Lyapunov
function of (1).

Thirdly, it is shown that γ is an upperbound on the L1-gain due to con-
ditions 1-3. Consider that w =

∑m
l=1 µlel for some real variables µl. Then,

condition 3 implies that for all i ∈ {1, 2, ..., N} and j ∈ {1, 2, ...,M}

v⊤i EiBjw = v⊤i EiBj

m∑
l=1

µlel =
m∑
l=1

µlv
⊤
i EiBjel

≤
m∑
l=1

|µl|
(
γ∥el∥1 −

∥∥Djel
∥∥
1

)
≤ −

∥∥Djw
∥∥
1
+ γ∥w∥1 .

By combining this result with (9), we obtain that, if x ∈ X̄j ∩ Si,

D+V (x) = v⊤i Ei(Ajx+Bjw) ≤ (v⊤i EiAj + u⊤
ijFj + lijΠj)x+ v⊤i EiBjw

≤ −ϵ2∥x∥ −
∥∥Cjx

∥∥
1
−
∥∥Djw

∥∥
1
+ γ∥w∥1

≤ −ϵ2∥x∥ −∥y∥1 + γ∥w∥1 .
(10)

By integrating both sides of (10) from 0 to T > 0, we obtain that∫ T

0

D+V (x(t))dt = V (x(T ))− V (x(0))

≤− ϵ2

∫ T

0

∥∥x(t)∥∥ dt− ∫ T

0

∥∥y(t)∥∥
1
dt+ γ

∫ T

0

∥∥w(t)∥∥
1
dt.

(11)
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Since V is a positive de�nite function, due to condition 1, and given x(0) = 0
(see De�nition 4), this implies that

γ

∫ T

0

∥∥w(t)∥∥
1
dt ≥

∫ T

0

∥∥y(t)∥∥
1
dt

for all T > 0, which proves γ is an upper bound on the L1-gain of (1) when
T −→ ∞.

Finally, we prove that conditions 1, 2 and 4 imply that δ is an upper
bound on theH1-norm corresponding to an initial condition x(0) = x0 . Since
w(t) = 0 for all t ∈ R≥0 (see De�nition 5) and thus limT−→∞ V (x(T )) = 0,
since the system is ISS if conditions 1 and 2 are met, it follows from condition
4 and (11) that

δ ≥ v⊤q Eqx0 = V (x(0)) ≥
∫ ∞

0

∥∥y(t)∥∥
1
,

which proves δ is an upper bound on the H1-norm corresponding to initial
condition x0 of (1).

The existence of suitable Vr, γ, δ, uij and lij for Theorem 2 can be veri�ed
by solving an LP feasibility problem with optimization variables Vr, γ, δ, uij

and lij, constants ϵ1 and ϵ2 and linear constraints 1-4.

Remark 1. Note that in the conditions for ISS, i.e., conditions 1 and 2 in
Theorem 2, the matrices Bj and the disturbance w are not considered. This
is because, for a CLS (1), it is su�cient to prove global exponential stability
of the origin, which implies ISS, as the inputs enter the dynamics in an a�ne
manner.

Remark 2. Note that the HIGS-controlled system in (5) can have a discon-
tinuous right-hand side. This can lead to robust stability issues [35]. Namely,
given small perturbations of the state, (5) can become unstable, even though
the nominal (unperturbed) system is stable. For robust stability guarantees,
the stability of the Krasovskii regularization of (5) should be studied, which
is de�ned as

ẋ(t) ∈

{
A1x(t) +Bw(t) if Hx(t) ∈ F1\F̄2

co{A1x(t), A2x(t)}+Bw(t) if Hx(t) ∈ F̄2

y(t) =Cx(t) +Dw(t),
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where co{F} denotes the closed convex hull of a set F ⊂ Rn. It can be shown
that the conditions in Theorem 2 can guarantee stability of the Krasovskii
regularized system as well. See also [5, Remark 6.1].

Remark 3. Alternatively to using Farkas' lemma and the Fredholm alter-
native, one could choose the triangulation T such that the intersection of Si

and the closure of Xj is empty or equal to Si or a lower dimensional face of
Si, i.e.,

X̄j ∩ Si =

{
x ∈ Rn | x =

m∑
k=1

λks
ij
k , λk ≥ 0

}
,

where m ≤ n and {sij1 , ..., sijm} ⊆ {ri1, ..., rin}, for all i ∈ {1, ..., N} and j ∈
{1, ...,M}. Then, condition 2 in Theorem 2 can be changed to

2'. for all i ∈ {1, ..., N}, j ∈ {1, ...,M} and s ∈ {sij1 , ..., sijm}

v⊤i EiAjs ≤ −ϵ2∥s∥ −
∥∥Cjs

∥∥
1
.

While this would reduce the number of optimization variables in the result-
ing LP problem, it also restricts our options for choosing a computationally
e�cient triangulation T and, thus, may lead to potentially increased conser-
vatism.

5. Converse theorem

In this section we will show that our method always succeeds in �nding
a CPA Lyapunov function for an ISS conewise linear system (1) if the trian-
gulation K−1TK has su�ciently high K, i.e., a su�ciently large number of
thin simplicial cones.

Theorem 3. Given an ISS conewise linear system (1), the conditions 1 and
2 of Theorem 2 will always be satis�ed when using the triangulation K−1TK

for a su�ciently large K and su�ciently small, but positive, ϵ1 and ϵ2.

Proof. Firstly, consider the di�erential inclusion

ẋ(t) ∈ co


M⋃
j=1

{Ajx(t) | x(t) ∈ X̄j}

 =: F (x(t)). (12)

If (1) is ISS, the di�erential inclusion (12) must necessarily be strongly
asymptotically stable [36] and therefore must admit an in�nitely smooth

14



Lyapunov function. Since the di�erential inclusion (12) is positively homo-
geneous of degree 1, there also exists an in�nitely smooth Lyapunov function
W : Rn −→ R that is positively homogeneous of degree 1 [37]. Thus, W
satis�es for some c1, c2 > 0

W (cx) = cW (x) ∀c > 0, x ∈ Rn

W (x) = ∇W (x) · x ∀x ∈ Rn

W (x) ≥ c1∥x∥ ∀x ∈ Rn

W (0) = 0

sup
v∈F (x)

∇W (x)v ≤ −c2∥x∥2 ∀x ∈ Rn.

(13)

Secondly, we assign Vr = W (r) for every vertex r of a simplicial cone
in the triangulation K−1TK . Then, it follows from (13) that Vr ≥ ϵ1∥r∥ for
ϵ1 ≤ c1. Thus, conditions 1 in Theorem (2) are satis�ed for su�ciently low ϵ1.

Next, it is desirable to derive an upperbound on
∥∥v⊤i Ei −∇W (x)

∥∥
2
for

all x ∈ {y ∈ Si|∥y∥∞ = 1}, i ∈ {1, 2, ..., N}. To this end, we follow similar
steps as in [34]: Consider that

v⊤i =
[
Vri1

... Vrin

]
=
[
W (ri1) ... W(r

i
n)
]

and, due to Taylor's theorem and (13), we know that for all k ∈ {1, 2, ..., n}

W (rik) =W (x) +∇W (x) · (rik − x) +
1

2
(rik − x)⊤H(ξ)(rik − x)

=∇W (x) · rik +
1

2
(rik − x)⊤H(ξ)(rik − x),

where H(x) is the Hessian of W (x) and ξ is a point on the line segment
between x and rik. De�ne H̃ := max∥x∥∞=1

∥∥H(x)
∥∥
2
. Then,∣∣∣W (rik)−∇W (x) · rik

∣∣∣ ≤ H̃
∥∥∥rik − x

∥∥∥2
2
.

It was shown in [34] that
∥∥rik − x

∥∥
2
≤

√
n/K for all x ∈ {y ∈ Si|∥y∥∞ = 1}.

Since ∥x∥∞ ≤∥x∥2 ≤
√
n∥x∥∞, this implies that∥∥∥∥v⊤i −∇W (x)
[
ri1 ... rin

]∥∥∥∥
2

≤
√
nH̃

(√
n

K

)2

= H̃
n
√
n

K2
.

15



Furthermore, it was shown in [34] that ∥Ei∥2 ≤ K
√
3(n+ 1). Thus,∥∥∥v⊤i Ei −∇W (x)

∥∥∥
2
=

∥∥∥∥[v⊤i −∇W (x)E−1
i

]
Ei

∥∥∥∥
2

≤
∥∥∥∥v⊤i −∇W (x)

[
ri1 ... rin

]∥∥∥∥
2

∥Ei∥2

≤ H̃
n
√
n

K2
K
√

3(n+ 1) =
nH̃

K

√
3n(n+ 1).

With the upperbound we can show that for all x ∈ {y ∈ X̄j∩Si|∥y∥∞ = 1}

v⊤i EiAjx =∇W (x)Ajx+ [v⊤i Ei −∇W (x)]Ajx

≤− c2∥x∥2 + n
√

3n(n+ 1)H̃K−1Ã∥x∥2
=− c3∥x∥2 ≤ −c3∥x∥∞
≤± c3e

⊤
k x ∀k ∈ {1, 2, ..., n}

(14)

where Ã := maxj∈{1,2,...,M}
∥∥Aj

∥∥
2
and c3 := c2 − n

√
3n(n+ 1)H̃K−1Ã. For

su�ciently large K, c3 will be positive. Since (14) is positively homogeneous
of degree 1, (14) holds for all x ∈ X̄j ∩ Si, i.e., ∥x∥∞ = 1 is not required.

Finally, since x ∈ X̄j ∩ Si can be expressed as linear inequalities
Fj

Πj

−Πj

Ei

x =: Zijx ≥ 0,

v⊤i EiAj ≤ ±c3e
⊤
k x if Zijx ≥ 0, for all k ∈ {1, 2, ..., n}, implies by Farkas'

lemma that there exists wij ∈ R2n+2
≥0 such that for all x ∈ Rn

v⊤i EiAjx+ w⊤
ijZijx ≤ ±c3e

⊤
k x ∀k ∈ {1, 2, ..., n}.

This implies that
v⊤i EiAjx+ w⊤

ijZijx ≤ −c3∥x∥∞ . (15)

We substitute x with rik in (15) and rewrite the resulting equation as

(v⊤i EiAj + u⊤
ijFij + l⊤ijΠj)r

i
k + z⊤ijEir

i
k ≤ −c3

∥∥∥rik∥∥∥∞ , (16)
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where uij, zij ∈ Rn
≥0 and lij ∈ Rn. Note that z⊤ijEir

i
k is necessarily nonnegative

and can thus be omitted. Thus, (16) implies

ϵ2 +
∥∥Cj

∥∥
∞

c3
(v⊤i EiAj + u⊤

ijFij + l⊤ijΠj)r
i
k ≤ −

(
ϵ2 +

∥∥Cj

∥∥
∞

)∥∥∥rik∥∥∥∞
≤ −ϵ2

∥∥∥rik∥∥∥∞ −
∥∥∥Cjr

i
k

∥∥∥
∞
.

Note that
(
ϵ2 +

∥∥Cj

∥∥
∞

)
/c3 is an arbitrary positive constant that can be

incorporated into the optimization variables vi, uij and lij, and thus, by the
equivalence of norms, is equivalent to condition 2 of Theorem 2. Thus, for
su�ciently high K and low ϵ2 conditions 2 of Theorem 2 are satis�ed.

Remark 4. While Theorem 3 proves that conditions 1 and 2 of Theorem 2
are satis�ed for a su�ciently large K of the triangulation K−1T F

K , it does
not prove satisfaction of conditions 3 and 4 of Theorem 2. Whether the
upperbounds on the L1-gain and H1-norm determined by Theorem 2 are con-
servative in the limit of K thus remains an open question.

6. Numerical case study

We apply the presented CPA method to the stability and performance
analysis of a HIGS-controlled system. Additionally, we compare the CPA
method to the method in [11], henceforth referred to as the CPQ method,
which is based on the work in [10]. This method involves verifying the feasibil-
ity of a suitable set of linear matrix inequalities (LMIs), which, if successful,
proves the existence of a continuous piecewise quadratic (CPQ) Lyapunov
function. CPQ Lyapunov functions are parameterized with a triangulation
T in an analogous way to the CPA Lyapunov functions in Section 4. The
software package Mosek [38] implemented in Matlab with Yalmip [39] is
used to solve the LP and semide�nite programming (SDP) problems.
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6.1. System description

Consider the LTI mass-spring-damper system

G :



ẋg(t) =

[
0 1

−k/m −b/m

]
xg(t)−

[
0

1

]
u(t) +

[
0

1

]
w(t)

e(t) =
[
1 0

]
xg(t)

y(t) =

[
1 0

0 0

]
xg(t) +

[
0

1

]
u(t),

where m = b = k = 1. We place the LTI system in a negative feedback loop
with HIGS as shown in Fig. 2. The resulting HIGS-controlled system can be
described by (5) or, equivalently, as a conewise linear system (1).

It was shown in [27] that it can be bene�cial to the CPA method to intro-
duce state transformations that cause the level sets of Lyapunov functions
to resemble hyperspheres. This can reduce the number of simplicial cones N
that the triangulation T F

K and the CPA Lyapunov function V require. For
HIGS-controlled systems speci�cally, we can exploit the fact that by design
the integrator mode is the dominant mode of HIGS. Thus, to make the level
sets of the Lyapunov functions resemble hyperspheres, we can introduce the
state transformation

x̂ = V −1x, (17)

where the columns of V are the real and, if applicable, imaginary parts of
the normalized eigenvectors of A1, not counting complex conjugates.

6.2. Stability analysis

Using the CPA and CPQ method, we check whether the HIGS-controlled
system is ISS for various combinations of kh and ωh. From Theorem 3, we
know that for su�ciently large K a CPA Lyapunov function must exist. Sim-
ilar results exist for CPQ Lyapunov functions [40]. Thus, both methods are
non-conservative in the limit of K. However, increasing K also increases
the number of constraints and optimization variables of the LP and SDP
problems, which increases the computation time required for solving the fea-
sibility problem. Therefore, we limit the available computation time of both
methods to approximately 103 s. Additionally, we use extensive time-series
simulations to determine which combinations (kh, ωh) are ISS to serve as a
benchmark. See Fig. 4 for the results.
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Fig. 4: ISS region found using time-series simulations (grey), ISS combinations (kh, ωh)
found using the CPA method with triangulation T F

5 (black dots), ISS combinations
(kh, ωh) found using the CPA method with triangulation T F

5 and state transformation
(17) (black dots and crosses) and ISS combinations (kh, ωh) found using the CPQ method
with triangulation T F

2 (black dots, crosses and circles).

Firstly, note that the state transformation (17) indeed has a positive
e�ect on the accuracy of the CPA method as more stable ISS combinations
(kh, ωh) are found when using the state transformation. Secondly, notice that
the CPA method uses the triangulation T F

5 , which has N = 1200 simplicial
cones, and the CPQ method uses the triangulation T F

2 , which has N = 192
simplicial cones. This is because the CPQ method requires more optimization
variables and constraints than the CPA method and solving an SDP problem
is in general slower than solving an LP problem. Thus, given the limited
computation time of ∼ 103 s, the CPQ method requires a triangulation with
less simplicial cones than the CPA method. Nevertheless, the CPQ method
can verify the stability of more combinations (kh, ωh) than the CPA method
in the available computation time. This can be explained as follows: Both
the CPA and CPQ method can be interpreted as trying to approximate
the level set W (x) = 1 of an in�nitely smooth Lyapunov function W that
is homogeneous of arbitrary degree. If n = 2, the CPA method tries to
approximate the level set with an N−polygon, i.e., with N linear segments,
whereas the CPQ method uses N elliptic arcs to approximate the level set.
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Fig. 5: Accuracy of the CPQ method, CPA method and CPA method with state trans-
formation (17) for various triangulations versus the required computation time and the
used number of optimization variables (not including optimization variables in regional
relaxations).

An elliptic arc can approximate a line over a �nite domain arbitrarily closely,
but the reverse is not true. Therefore, the CPQ method will theoretically
always require less piecewise segments N to closely approximate the level
set of W than the CPA method. Thus, CPQ Lyapunov functions require a
less dense triangulation for verifying stability. In the example, this property
outweighs the computational bene�ts of LP over SDP.

We repeat this experiment for triangulations with varying re�nements
and note for each method and triangulation the computation time, number
of optimization variables and the accuracy, de�ned as the percentage of sta-
ble ISS combinations found. See Fig. 5. This �gure con�rms the conclusions
drawn above: Firstly, that the state transformation in (17) generally im-
proves the accuracy of the CPA method and secondly, that the CPA method
requires more computation time and more optimization variables to verify
the stability of the same number of ISS combinations than the CPQ method.

Some comments should be made about these results. Firstly, when remov-
ing the restriction on computation time, it was found that the CPA method
could �nd the same ISS combinations (kh, ωh) as the CPQ method. This is
a necessary consequence of the converse theorem in Section 5. However, the
CPA method required much more computation time than the CPQ method
to do so. Secondly, in realistic industrial applications, the damping is typ-
ically much lower and the size of the HIGS-controlled system much larger
than in the use case considered here. See, e.g., the case in [7]. When study-
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Fig. 6: Upper bound on L1-gain and H1-norm calculated using Theorem 2 for various
triangulations T F

K (grey). Additionally, using time-series simulations, a lower bound on
the L1-gain and an estimate of the H1-norm are calculated (black).

ing such systems, it was found that CPA method performed worse than the
CPQ method and the gap in accuracy between the CPA and CPQ methods
increased when the damping was lowered and/or when the size of the HIGS-
controlled system increased. Thirdly, while in the examples considered in
this project the e�ciency of CPQ Lyapunov functions over CPA Lyapunov
functions outweighed the computational bene�ts of LP over SDP, this may
not be the case for all systems.

6.3. Performance analysis

We apply Theorem 2 to calculate upper bounds on the L1-gain and H1-
norm of the HIGS-controlled system. We �x the value of kh to 1 and vary the
value of ωh over [0.5, 2.5]. For di�erent triangulations T F

K we calculate the
upper bounds on the L1-gain and the H1-norm, corresponding to an initial
condition

x(0) =
[
1 0 0

]⊤
,

using Theorem 2. See Fig. 6.
In this �gure, a numerical estimate of the H1-norm and a numerical es-

timate of a lower bound on the L1-gain determined using time-series sim-
ulations is also provided. The upper bound on the L1-gain and H1-norm
becomes increasingly tight as we increase the value of K of the triangulation
T F
K used to parametrize the CPA Lyapunov function. Potential reasons for

21



the remaining di�erence between the calculated upper bounds and the results
from the time-series simulations are conservatism in Theorem 2, numerical
artifacts and/or limited computational power.

7. Conclusion

For the stability and performance analysis of HIGS-controlled systems,
we have investigated a linear programming-based approach for the construc-
tion of CPA Lyapunov functions as a possible alternative to the well-known
CPQ method based on semide�nite programming. To this end, we have ex-
tended the approach to be applicable to HIGS-controlled systems and other
conewise linear systems. This extension was presented in the form of a the-
orem that poses su�cient conditions for the existence of a CPA Lyapunov
function that can be veri�ed by linear programming. Additionally, it was
shown that the conditions of this theorem become necessary provided that a
CPA function with a su�ciently large number of thin piecewise segments is
used. The extended framework can also be used to calculate an upper bound
on the L1-gain and H1-norm of the system, which can be useful performance
metrics. This method of constructing CPA Lyapunov functions was applied
to the stability and performance analysis of a HIGS-controlled system. While
the numerical example showed that this LP-based method was e�ective, it
also showed that the method was less e�cient in terms of computation time
than the pre-existing SDP-based approach that constructs CPQ Lyapunov
functions. This was mainly due to the large number of piecewise segments
required for the construction of CPA Lyapunov functions. Therefore, fu-
ture work will focus on seeking methods to reduce this number of segments.
Moreover, we will investigate e�cient LP-based methods to construct CPQ
Lyapunov functions, given that CPQ functions showed good approximation
properties in the example and that LP problems are generally faster and more
robust to solve than SDP problems. Thus, seeking for such methods, possibly
inspired by the improvement of existing LP-based methods for constructing
CPQ Lyapunov functions [41], is of interest. Finally, methods for synthe-
sizing controllers with LP for hybrid systems can be investigated, where we
could leverage the presented methods for calculating upper bounds on the
L1-gain and H1-norm for controller optimization.
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