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Abstract

In this paper, we present a method for constructing continuous piecewise quadratic (CPQ) Lyapunov functions for continuous-
time switched and conewise linear systems using linear programming (LP). Key in our approach is the formulation of effective
sufficient conditions for the copositivity of matrices via diagonal dominance. This formulation consists of linear constraints
and can be expressed as an LP. It is shown that the sufficient conditions are also necessary conditions for the existence of a
Lyapunov function, given a sufficiently refined CPQ function. We provide an in-depth comparison between our new method
and other computational methods in the literature, and provide extensive numerical experiments on various switched and
conewise linear systems. In particular, we show that the proposed method is the most accurate of the LP-based methods for
constructing Lyapunov functions and is a numerically competitive alternative to LMI-based methods.
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1 Introduction

Switched linear systems (SLSs) and conewise linear sys-
tems (CLSs) represent a particular class of dynamical
systems formed by a collection of linear subsystems that
are combined with time and/or state-based switching
rules [30]. In recent years, SLSs and CLSs have become
increasingly important within a wide range of appli-
cations, including power converters [34], traffic man-
agement [33], epidemiological modeling [2] and high-
performance motion control systems [43, 41]. Assessing
stability of SLSs and CLSs is a well-studied problem,
and over the years many constructive tools for stabil-
ity analysis have been presented, see, e.g., [31] for an
overview. Examples range from dwell-time approaches
[48, 47], to frequency-domain techniques [28, 42] and
Lyapunov-based methods [9, 26, 40, 27].

* The research leading to these results has received funding
from the European Research Council under the Advanced
ERC Grant Agreement PROACTHIS, no. 101055384.

Of particular interest is the use of continuous piecewise
quadratic (CPQ) Lyapunov functions [26] for the sta-
bility analysis of continuous-time SLSs and CLSs. The
specific interest in CPQ Lyapunov functions stems from
the possibility to express stability tests in terms of con-
vex optimization problems that can be solved efficiently
[8, 39], and from their success in reducing conservatism
compared to earlier methods in the analysis of CLSs, see,
e.g., the seminal works in [26, 39]. The key idea under-
lying CPQ methods is to partition (part of) the state-
space into smaller regions, to each of which a quadratic
function is assigned that is continuous over the parti-
tion boundaries, and satisfies certain conditions locally.
These conditions are typically expressed in terms of con-
strained inequalities that can be transformed into lin-
ear matrix inequalities (LMIs) by means of the so-called
S-procedure [46]. For a partitioning of the state space
with sufficiently small regions, these LMIs must admit
a solution for an exponentially stable CLS. An alterna-
tive method that does not make explicit use of the S-
procedure has been proposed in [23, 24], where stability



conditions are expressed in terms of a copositive prob-
lem, i.e., the problem of verifying whether a certain ma-
trix is copositive or, equivalently, has a corresponding
quadratic form that is positive definite on the positive
orthant [18]. This problem, in turn, is translated into an
LMI problem.

The aforementioned results hinge on the idea of reformu-
lating constrained inequalities as LMIs. Although LMI
conditions facilitate numerically tractable stability tests
for SLSs and CLSs, they scale badly in terms of compu-
tational complexity with increasing system dimensions
and the number of state-space partitions. These qual-
ities motivate the development of alternative methods
for constructing CPQ Lyapunov functions that preserve
the structure and numerical tractability coming from
LMI-based methods, but require less computational ef-
fort (even in case of a large number of regimes in the
state-space partitioning).

Therefore, we present in this paper a new approach for
constructing CPQ Lyapunov functions for SLSs with ar-
bitrary switching and CLSs using linear programming
(LP). Compared to solving large-scale LMI problems us-
ing semidefinite programming (SDP), solving large LP
problems can be done more efficiently and reliably as a
result of their significantly simpler structure, see, e.g.,
[44, 8] for further discussions. The use of LP for stability
analysis of SLSs and CLSs has been proposed before: For
example, LP can be used to construct continuous piece-
wise affine (CPA) Lyapunov functions [19, 3, 20]. How-
ever, it was shown in [37] on a numerical example that
CPA Lyapunov functions were less effective than CPQ
Lyapunov functions, despite the computational bene-
fit of LP over SDP, because CPA Lyapunov functions
required a much larger number of piecewise segments.
Moreover, in [10, 22], sufficient linear inequalities were
used to prove the existence of a CPQ Lyapunov function
by solving a copositive problem. However, these condi-
tions are more conservative than the conditions we will
present, which will be discussed in Section 6.3.

In line with the above, the main contributions of this
paper are as follows. We present efficient conditions
for the computation of CPQ Lyapunov functions for
continuous-time SLSs and CLSs based on LP. Key in
our approach is the reformulation of copositive matrix
problems into (sufficient) tests that require verifying di-
agonal dominance of the involved matrices. These tests
are subject to linear constraints that can be formulated
as an LP problem. Our results apply to both SLSs with
arbitrary switching and CLSs. For both of these classes
we will show that for a sufficiently fine partitioning of
the state space our tests become necessary conditions for
exponential stability. We compare our method to other
stability methods in the literature, including the use
of CPQ and CPA Lyapunov functions, and provide ex-
tensive numerical experiments showcasing our method
in comparison to other methods in the literature. In

particular, we show theoretically and numerically that
the proposed method is the least conservative of the
LP-based methods, among [19] and [22], given a fixed
partitioning of the state-space and numerically that the
proposed method is computationally competitive with
the LMI-based method in [26].

The remainder of this paper is structured as follows. We
provide the necessary preliminaries in Section 2 such as
the parametrization of CPQ Lyapunov functions. Sec-
tion 3 will specify the systems under consideration and
the stability analysis problem to be solved. In Section 4
we present our main results in the form of a method that
exploits LP for computing CPQ Lyapunov functions for
SLSs with arbitrary switching. In Section 5 we present
similar results for CLSs. In Section 6 we provide an in-
depth comparison of our LP-based method and other
stability methods found in the literature, including com-
putations of CPA functions through LP and CPQ func-
tions through LMIs. Section 7 provides extensive numer-
ical case studies on various systems demonstrating the
benefits of our approach. We close the paper with con-
clusions and directions for future work in Section 8. Fi-
nally, Appendix A contains supporting theorems.

2 Preliminaries

In this paper, the subset of R with nonnegative value
is denoted by R>o. By [A];; we denote the 4, j-th en-
try of the matrix A € R®*™ 4,5 € {1,2,...,n}. We say
that a symmetric matrix A = AT e R™*" is positive
definite (negative definite), denoted by A > 0 (A < 0),
if 1T Az > 0 (27 Az < 0) for all z € R™\{0}, where 0
denotes the origin of R™. Moreover, we say that a sym-
metric matrix A = AT € R"*" is positive definite (neg-
ative definite) on the set B < R™, denoted by A >3 0
(A<p0),ifz" Az > 0 (2" Az < 0) for all z € B\{0}. If
A >p 0and B = R, then A is said to be a copositive
matrix. Finally, a matrix A € R™*"™ is said to be strictly
diagonally dominant if 2 - |[A];;] > Z?:1|[A]ij’ for all
1€{1,2,...,n}.

Inequalities for vectors hold componentwise. Further-

more, |z| = />, 27 and |z = max;—12 |2
denote the Euclidean norm and infinity norm of z € R,
respectively, and |A| := max,|—; |Az| denotes the ma-

trix norm of A € R™*™ induced by the Euclidean norm.
2.1 Triangulations

A triangulation T = {81,8a,...,Sn}, N € N, is a col-
lection of simplices S;, i € {1,2,..., N}, defined as

S; = co(ré,ri,...,r;)
= e | D =LA = 0,ke{0,1,...,n} ¢,
k=0 k=0



where co(+) denotes the convex hull and r§,ri,... ri €
R™ are affinely independent vertices. The affine inde-
pendence of the vertices implies that each simplex S;,
i € {1,2,...,N}, has a non-empty interior. Further-
more, {vp,v1,...,0p} < R™, p e N, denotes the collec-
tion of all vertices of the simplices used in the triangu-
lation, such that {ri,ri,...,r%} < {vo,v1,...,v,} for
all i € {1,2,...,N}. Clearly, for all i € {1,2,..., N},
there exists then an index function g¢; : {0,1,...,n} —
{0,1,...,p} such that v}, = vy, ) forallk € {0,1,...,n}.

We require that any two simplices S; and S;, 4,7 €
{1,2,...,N} and i # j, either have an empty intersec-
tion or the intersection is a polyhedron described by
the convex hull of the common vertices of the simplices
S; and S;. We further require that [ JY | S; is a neigh-
bourhood of the origin and that 7§ = vy = 0 for all
i€ {1,2,...,N}. Then ri ri, ... r! are linearly inde-
pendent for all ¢ € {1,2,...,N}. Examples of trian-
gulations that satisfy these conditions are the triangu-
lar fans K17k and Tk from [20]. Here, K € N is a
measure of how refined the triangulation is, namely for
all simplices S;, i € {1,2,..., N}, in K~'Tx we have
that ||ry — |, < v/n/K for all k, £ € {1,2,...,n}. Fur-
thermore, N = 2" - K"~ ! . nl and {v1,ve,...,v,} =
{K~'z| z€Z", |z||,, = K}. The triangulation Tk is a
scaled version of K 17Ty which we will use in Section 7.
For further details, see [20].

2.2  Parameterization of CPQ functions

Given a triangulation 7T satisfying all conditions and
assumptions above, we can associate a simplicial cone C;
to each simplex S;, i € {1,2,..., N}, defined as

Ci = pOS(T’i, 7’%, v 7T’,ﬁL)

n ) 1
= D ek | A= 0ke{1,2,..n} ¢, S
k=1

where pos(-) denotes the positive hull. Since T is a tri-
angulation of a neighbourhood of the origin, the union
of all C; is equal to R™. Note that the triangulations Tk
and K 1Tk from [20] give the same conical subdivision
of R™. An example of such a conical subdivision is given
in Fig. 1.

Then, a CPQ function V: R® — R can be defined as
V(z) =2 Px if z € C;. (2)

The matrices P; = P, € R"*" are parameterized by a

matrix & = &7 € RP*P as follows:

[Wilke =[Py, (k)g:(0) Vk,£e{1,2,...,n}

Tl 7"2 ’rn (3)
E; =R;* e R™™
P, =B U, E; e RVX™,

Note that vertices ri, 7%, ... rl are linearly independent
and thus R; is invertible and we assume that the order
of the vertices r}, 74, ..., 7l is fixed, in accordance with

the definition of g; in Section 2.1, so that R; is uniquely
defined. Note that if z € C;, then x = R;\, where X\ :=

h
[\ Ao oo Aa] € R is the vector with the Ak in (1)

as its entries, and thus

V(z) = 2" Pz = \TR] P;R;\
=A"R/E]V,E;R )\ = \TT;\ (4)

n n

= 3D NNk = Y0 D MA@y, (kg -
k=1¢=1 k=1¢

=1

Remark 1 This method of parameterizing V was sug-
gested in [39]. It can be interpreted as follows: The value
of V(vm) = [®]mm for allm € {1,2,...,p}. Moreover,
V(i) = [®lg.kygi ) and

1, 1\ 1 1

v <2Tk + 27"e> =11 ®lowgi i) + 7[®Plg. im0
1 1

1 [Pl g + 7 [®lai@gi

forallie {1,2,...,N} and k,0 € {1,2,...,n}.

T2

Fig. 1. Visualization of the conic subdivision {C1,Ca,...,Cn}
that results from the triangulation 71 of a two-dimen-
sional space (z1,z2). The boundaries of the simplices
{81, 82,...,Sn} of the triangulation 71 are indicated with
black lines and the boundaries of the cones {C1,C2,...,Cn}
with gray dotted lines.



By construction, V' will be well-defined and continuous.
This is obvious for the case when x is in the interior
of C;. In case x € C; n Cj, where i,j € {1,2,...,N}
and i # 7, then z is a linear combination of the com-
mon (extreme) rays of the cones C; and C;, denoted by
{yl7y2a e 7ym} = {TZDT%?' . ?T:L} N {r{ﬂng’ st
{v1,v2,...,v,}. In other words,

m m m
— — i J
r= > Neyk = Y Akt = ) et
k=1 k=1 k=1

i}

where 0 < m < n and y = rék = r{k for some sy, t; €
{1,2,...,n} for all £ € {1,2,...,m}. Thus, g;(sx) =
g;(tr) and by using (4) we can show that for all z € C;nC;

V(z) = x! P = Z Z Ak Ae[P] g, (51) g (s0)
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which shows that V' is continuous and well-defined.

3 System classes and problem statement

In this section we will introduce the classes of systems
under consideration and relevant stability theorems. Fi-
nally, the main problem statement will be specified.

3.1 Switched linear systems with arbitrary switching

Consider the continuous-time SLS
o(t) = Agpyz(t), (6)

where z(t) € R™ is the state at time ¢t € Rsq, 0 : Ry —
{1,2,..., M} is a piecewise constant function that is
right-continuous and only has a finite number of discon-
tinuity points on every finite time-interval, called the
switching signal and A; e R™*™ forall j € {1,2,...,M}.
A solution z: Ryg — R™ to (6) is understood in the
sense of Carathéodory [45].

We use the following definition and theorem adapted
from [30] and [21].

Definition 2 The SLS (6) is said to be globally uni-
formly exponentially stable (GUES), if there exist con-

stants ¢, X > 0 such that for all switching signals o, i.e.,
under arbitrary switching, all solutions x of (6) satisfy

lz(®)]] < cllz(0)] e~

forallt e Rxy.

Theorem 3 The SLS (6) is GUES, if there exists a com-
mon CPQ Lyapunov function V : R™ — R as in (2) that
satisfies for alli € {1,2,...,N} and j € {1,2,..., M}

Ve C; (7a)

alz|® <2 P < ez

' (A] P + PiAj)x —c3 ||

for some c1,co,c3 > 0.

Note that the cones C; are not related to the system
modes A;. Instead, the cones C; are a construct for build-
ing the CPQ Lyapunov function V" only, which must hold
for any active system mode across the entire state-space.

3.2 Conewise linear systems

Consider the continuous-time CLS [11]

x(t) = Ajx(t) if z(t) € Fj, (8)
where z(t) € R™ is the state at time ¢ € Ry and A; €
R™*™ and F; c R™ for all j € {1,2,..., M}. We assume
that the union of the subsets Fj is equal to R", the in-
tersection of the interiors of F; and F; is empty for all
i,j€{1,2,..., M}, i # j, and the closure of F; is a sim-
plicial cone for all j € {1,2,..., M}. These systems are
also referred to as switched linear systems with state-
dependent switching and are a subclass of piecewise lin-
ear systems. Solutions to (8) are understood in the sense
of Filippov, i.e., are solutions to the differential inclusion

M
z(t) € F(z(t)) :== co U{ij(t) |x(t)e F;} py (9)
j=1

where Jz'j is the closure of the set F;. Thus, potential
sliding modes are taken into account, see, e.g., [6, 14, 13].
An example of a CLS is given in Fig. 2.

We use the following definition and theorem adapted
from [21] and [29].

Definition 4 The CLS (8) is said to be globally expo-
nentially stable (GES), if there exist constants ¢, \ > 0
such that for all Filippov solutions x to (8), i.e., for all
solutions to (9), it holds that

lz()] < ¢llz(0)]] e~
for allt € Ryg.
Theorem 5 The CLS (8) is GES, if there exists a CPQ
Lyapunov function V : R™ — R as in (2) that satisfies
forallie {1,2,...,N} and j € {1,2,..., M}

alz|’ < 2" Pa <zl Vzed (10a)
2" (A] P+ PiAj)z < —cs|z]|® Vo eCinF;, (10b)



for some cq,co,c3 > 0.
3.3 Problem definition

Our goal is to find a CPQ function V' that satisfies con-
dition (7b) for an SLS or conditions (10b) for a CLS, i.e.,
a CPQ function V such that V(z(t)) is decreasing over
time along all solutions z of the system, except for the
zero-solution. Then:

(1) if the resulting function V additionally satisfies (7a)
or (10a), i.e., if V' is positive definite, then the SLS
or CLS is GUES or GES, respectively;

(ii) if the resulting function V' does not satisty (7a) or
(10a), i.e., if V is not positive definite, then the SLS
or CLS is unstable.

The first statement follows from Theorem 3 or 5. The
second statement follows from Lemma 4.1 in [25] and a
sketch of proof is provided here for completeness: Sup-
pose there exists a CPQ function V that, given a certain
SLS, satisfies (7b), but does not satisfy (7a). Then, there
exists a state Z(0) # 0 such that V(£(0)) < 0. Consider
the solution &(t) that starts at Z(0). Because V satisfies
(7b), V is decreasing over time along all solutions of the
system, except for the zero-solution. Thus, after a time
step 0, it will hold that V' (Z(J)) < 0. In fact, as t — oo,
V(&(t)) —» —oo, which means ||Z(t)|| — o« as t — .
This implies instability of the SLS. A similar argument
can be made for a CLS.

This method is known as the two-step procedure [25,
Proposition 4.4], where the first step is finding a function
V' that is decreasing over time along all solutions of the
system except for the zero solution, and the second step

Fig. 2. Example of a CLS taken from [25], where M = 4 and
n = 2. The definition of the system is given in (47)-(49).
The boundaries of the sets Fi, F2, F3 and F4 are indicated
with blue dotted lines and a sample trajectory starting at
(z1,22) = (0,1) with red. When the state enters a new set,
the differential equations governing the dynamics change.

is checking whether V' is positive definite. This reduces
the size of an optimization problem to find a suitable V/,
since less constraints have to be taken into account.

4 CPQ Lyapunov functions for SLSs

In this section we will show sufficient conditions in the
form of linear inequalities under which a CPQ function
is a Lyapunov function for an SLS (6). Then, a con-
verse theorem will be presented that shows that for a
sufficiently refined CPQ function the conditions become
necessary, when the system is GUES.

4.1 Sufficient conditions for CPQ Lyapunov functions
of SLSs

The CPQ function V is a Lyapunov function to the SLS
(6), i.e., satisfies (7a) and (7b), if

Pi>c, 0 (11a)
Qij <c, 0 (11b)

forallie {1,2,...,N}and j € {1,2,..., M}, where
Qij == A] Pi + P;A;. (12)

For the first step of the two-step procedure in Section
3.3, a CPQ function V that satisfies (11b) needs to be
constructed. We wish to do this with an LP problem.
Thereto, consider the following theorem.

Theorem 6 Consider a CPQ function V, parameter-
ized as in (2), and the SLS (6). Define, for all i €
{1,2,...,N} and j € {1,2,..., M}, the matrices

Bij = R QijRi, (13)
with Qq; as in (12), and C;; € R™*"™ such that

[Cij]kk = [B”]kk Vk e {1, 2, . ,n} (14)
[Cij]kZ = maX([Bij]k[, 0) Vk,g € {]., 2,... ,’I’L}, k#L.

(15)

If forallie {1,2,...,N} andj € {1,2,..., M}, the sum
of each row of Cj; is negative, i.e.,

DCilke <0 Vke{1,2,...,n}, (16)

=1

then V' satisfies condition (11b).

PROOF. First, we prove that (15) and (16) imply that
C;; is a negative definite matrix, i.e., a matrix with all



eigenvalues strictly negative. Note that Cj; is a real sym-
metric matrix, and therefore its eigenvalues are real.
Then, Gerschgorin’s circle theorem [15] states that all
eigenvalues of C;; must lie in the set

n
U {aeR|[Cijlix = X, [Cijlne]
ke{1,2,...,n} =1
<a < [Cijlen + X |[Cijlie|}. - (17)
(e
Due to (15), the off-diagonal entries of C;; are all non-
negative. Therefore,

[Cijlkr + an |[Cijlre| = Zn:[cij]ke-
=1 =1

L#k

Thus, (16) implies that the set (17) only contains nega-
tive numbers, which means C;; must be a negative defi-
nite matrix.

Secondly, we show that /\TB,;j)\ < /\TC,;j)\ < 0 for all
A € RZ,\{0}. The second inequality holds because Cj;
is a negative definite matrix. The first inequality follows
from

1=
7=
t
&
s

ATCiiA = 3 X [Ciglur + [Cij ke
k=1

kel
I

—
S
Yl

=

Il
NgE
=
M=

Mo [Bijlir + A A¢ max([Bij]re, 0)

k=1 k=1¢=1
£k
> Z )\i[Bz]]kk + Z Z /\k)\Z[Bij]kf
k=1 k=1/¢=1
£k
=A"Bi;\.

Finally, we show that ATB;;A < 0 for all A € RZ,\{0}
implies that Q;; <¢, 0. Note that (1) can equivalently
be expressed as

C,; = {SC e R" |E2.CC =)\€E Rgo},

where E; is defined in (3). Then, if we substitute A with
E;z, B;; with (13) and R; with E{l, we obtain

A Bjid <0 VYAeRZL\{0}
= 2 EJ(E;")QuE;'Eix <0 VExeRL\{0}

K3

. ITQijx <0 Vxe Cv\{Q}a

which completes the proof. O

The theorem states conditions under which ® parame-
terizes a common CPQ Lyapunov function candidate V'
that satisfies (11b). Such a matrix ® can be found by
solving the following feasibility problem:

find ®, Cy; (18)
s.t. Py = E] [®]y, (5)g:(0) B Vi, k, ¢
Bij = R (A] P, + PiAj)R; Vi, j

[Cijlik = [Bijlkk Vi, j, k
Vi, ko bk £ € (19)

Vi, gk, 6,k # € (20)

VZ" j? k’

where E;, g; and R; depend on the triangulation 7. Note
that the nonlinear constraints (15) were replaced by the
linear constraints (19) and (20) and that the matrices
C;; are being treated as slack variables in (18). This is
so that (18) becomes an LP feasibility problem.

Remark 7 The second step of the two-step procedure in
Section 3.3, i.e., the verification that V satisfies (11a),
can be done with some conservatism by checking whether
there exist U; = U," € RLG" such that

P,—E/UE >0 Vie{l,2,...,N}, (21)
where the S-procedure [46] is used to validate (11a). This
condition can be checked with an LMI solver. The second

step of the two-step procedure can also be completed by
verifying that

[R/ PiRi]xe >0 Vi, k,¢, (22)
since then
V(z) =2 P VzeC;
AR PR VAeR%,

= SN MNMIRTPRwe =0 YA€ R,

Conditions (22) are more conservative than conditions
(21). Howewver, conditions (22) can be verified with an LP
solver and could even be included in the LP problem (18),
if we wish to skip the two-step procedure and construct a
Lyapunov function in one step.

Remark 8 To ensure that V satisfies (11b), the ma-
trices —B;; are forced to be strictly copositive, i.e.,
—ATBi;A > 0 for all X € RZ\{0}. The construction of
and the conditions on the matrices C;; are all for the



purpose of asserting this. The use of strictly copositive
matrices for the analysis of SLSs and CLSs has been
suggested before, see, e.g., [38, 12, 10, 22, 23, 2/4].

4.2 Conwverse theorem

To prove a converse theorem, i.e., that our method al-
ways succeeds in finding a Lyapunov function to a GUES
system (6), we largely follow the proof of [20, Thm. 1],
where a similar converse theorem is proved for CPA Lya-
punov functions for SLSs with arbitrary switching.

Theorem 9 Assume that the system (6) is GUES.
Then, when using the triangulation K~ 'Ty, the LP
problem (18) is feasible for all large enough K € N.

PROOF. To prove the feasibility of the LP problem
(18), we assign values to all the variables and then show
that the constraints of the problem are fulfilled when the
variables have these values.

In [20, Lemma 2] it is shown that, if (6) is GUES, there
exists a Lyapunov function V that:

e is infinitely differentiable, except at z = 0;
e is positively homogeneous of degree one;
e and satisfies for all  and some ¢y, ca,c3 > 0

allzl] < V(z) < ez
VV(z)Ajz < —c3llz| Vjie{l,2,...,M}.

If we define W (x) = V ()2, then W is a Lyapunov func-
tion for (6) as well that:

e is infinitely differentiable, except at z = 0;
e is positively homogeneous of degree two, i.e.,

Wi(cx) = W (x) and W(z) = %VW(m)x (23)

for all x # 0 and ¢ > 0. The second statement
follows from Euler’s homogeneous function theo-
rem [5];

e and satisfies for all  and some ¢y, co,c3 > 0

allz]* < W(z) < ol
VW (z)Ajx < —csllzl|* Vje{1,2,...,M}.
We assign values to the variables of the LP problem by
defining for every simplex S; the symmetric matrix P;
through
(i 4+ TR ) = Weh ) (1)

for all k,£ € {1,2,...,n}. That the resulting CPQ func-
tion (2) is still continuous and well-defined follows from

[17, Thm. 2.8]. Define the functions V;: R™ — R through
Vi(x) = 2" P;x and set, as before, V (z) = V;(z),ifz € C;.
Then V(i + %) = W(ri +ri) for all i, k, £ and we have
from (24) that

2(rk) " Pirg = W(rj, +1;) = W(r) = W(r). (25

The values of the elements of ®, i.e., the variables of
the LP problem, are now obtained from the values of
V(r./2 + r;/2) by using (5).

Define the constants

a:=_ max |4, (26)

g:= H Iﬁlaxl [VW(z)|, and (27)
| o=

hi= nax | Hw ()] (28)

where Hyy is the Hessian matrix of W. We will show that
all the entries of all the matrices B;; in the LP problem
(18) are negative, if

Jna (g + 9@%)
K > o , (29)

where ¢3 > 0 is the constant from (7b). Then, a feasible
solution is given by ® and by setting [Ci;|kx = [Bijlek <
0 and [Cijlke =0, k # ¢, for all 4, j, k, £.

Let us first derive an upper bound on the difference be-
tween VIW and VV; at the vertices r,ic. Let S; € K~ 1Tk
be an arbitrary, but fixed simplex. Following the proof
of [20, Thm. 1], we have

N

Irile =1 and |r —ri| < 2 (30)
forall k,£ € {1,2,...,n} and
|E;| < K+/3(n +1). (31)

Now, since VV;i(ri) = 2(r5)T P; and E; = R; ', we have

IVV (i) = VW ()| = 2(r) TP = VW ()| (32)
<[2(r}) T PR = VW (r}) Ri | B3

Consider the /-th component

ye = 2(ri,) " Piry = VW (ri)rg (33)
of the vector y := 2(ri)TP,R; — VW (ri)R;.
The case ¢ = k is simple: By (25) and (23) we have

ye = 2W (ri) —2W(r}) = 0 when £ = k.



To tackle the case £ # k, consider first that by Taylor’s
theorem [5] we have

W(rp) = W(ry) + VW (rp)(r; — 1)
+ 5(7’35 — 1) Hw (zr,0) (r} — 1),

where zy ¢ is a point on the line segment between r}; and
ri. Hence, there is a constant hq, |hi| < h, such that

iy, i i iy nh
VW (rk)ry = W(r}) = W) + YW (r)ri = 575
; ; nh
=W (rh) + W(rh) — 721(12

by (30) and (23). Hence, formula (33) can be written as

o _ . nh
ye = W(rj, + 1) —2W(r}) —2W (1) + 575

1 . 1 . 1 . 1 . nﬁl

using (25) and (23). By [7, Prop. 4.1], (28) and (30) we
get

nh

< ik

1, 1, 1 i 1 i
‘W (27“k + 27"e) - §W(7’k) - §W(7’5)

hence

4nh  n|hy| - Inh

lye| < 2 T or? Sage when ¢ # k.

Combining cases ¢ = k and ¢ # k delivers

Inhv/n — 1

<
Iyl < =0

and, by (32) and (31),

9v/3n2h
2K

[VV(ri) = VW ()] < [yl 2] < (34)

from which also
(35)

follows, see (27).

Consider the matrix B;; = R (AJTR- + P;Aj)R, from
the LP problem (40). Its k, /-th element is given by

[Bijlee = 2(r}.) " P ATy = VVi(ry) Ajry

and by (7b), (34), [z]» < |z < v/n|z[w0, (35), and (30)
we have

VVi(ri)Ajry
= VW (ri,)Ajry, + [VVi(ri) = VW (r})] A,
+ VVi(r)Aj(ry — 1)
< —cs|ri)? _ _ _
+ IVVi(ry) = VW () [ Al |
+ IVViri) Az e — 7l
9v/3n2h
o v
-
+ <g+ 9v3n h) .y

< —c3 +

2K K

< —c3 + % (g + 9\/§n2ﬁ) ,

which is negative for every K fulfilling (29). Hence, the
LP problem is feasible and the proof is finished. |

Note that Theorem 9 follows a similar line of reason-
ing as the converse theorem in [20], which shows the ex-
istence of continuous piecewise affine (CPA) Lyapunov
functions. It is important to note that the converse the-
orem presented here is however not a corollary to the
converse theorem in [20]. Indeed, since the set of CPQ
functions is disjoint from the set of CPA functions a
separate converse theorem was needed. Moreover, since
Theorem 6 uses linear constraints to enforce copositiv-
ity of matrices —B;;, it needed to be verified whether
these linear constraints can be satisfied for all GUES
SLSs given a sufficiently refined triangulation K7,
which is proven with Theorem 9.

5 CPQ Lyapunov functions for CLSs

Similar to the previous section, we will show sufficient
conditions, that are linear in their arguments, under
which a CPQ function is a Lyapunov function for a CLS
(8). Then, a converse theorem will be presented that
shows that for a sufficiently refined CPQ function the
conditions become necessary for GES.

5.1  Sufficient conditions for CPQ Lyapunov functions
of CLSs

To apply the method described in the previous section
to the CLS (8), we must make the following assumption
on the subsets F; in (8) and C; in (2). This assumption
can always be satisfied by proper selection of the trian-
gulation 7.



Assumption 10 The intersection of C; and the closure
of F; is given by
CinFj= pos(sij7 séj, e sﬁf”)7

where mi; = 0,0 < my; < n ormy; = n if C; 0 F; is
{0}, equal to a lower dimensional face of C; or equal to C;,
respectively, and {s{,sy,...,s5 } < {r{,rb,...,7},
forallie {1,2,...,N} and j € {1,2,..., M}.
Assumption 10 can be interpreted as that the triangu-
lation 7 must be chosen such that the closure of ev-
ery set Fj, j € {1,2,..., M}, of the CLS (8) is equal to
the union of some convex combinations of some vertices
Vg, V1, - . - Up Of the triangulation 7.

For brevity, let us define C;; := C; n F; and

Rij = [s? 5 ... 84 ] e R™ ™, (36)

iz

The CPQ function V is a Lyapunov function to the
CLS (8), i.e., satisfies (10a) and (10b), if

P; >c; 0 (37&)
Qij <¢,, 0 (37b)

forallie {1,2,...,N}and j € {1,2,..., M}, where éij #
{0}, and with @Q;; as in (12). For the first step of the two-
step procedure in Section 3.3, a CPQ function V that
satisfies (37b) needs to be constructed. Hereto we can
use a slightly modified version of Theorem 6.

Theorem 11 Consider a CPQ function V', parameter-
ized as in (2), the CLS (8) and a triangulation T that
satisfies Assumption 10. Define, for allie {1,2,...,N}

and j € {1,2,.... M} where C?ij # {0}, the matrices

Bij = R;erinij e RMis XMij (38)
and Cj; € R™4>*™ii sych that
[Cz]]kk = [Bij]kk Vk e {1,2,...,mij}

[Cij]kg = max([Bij]kg, 0) Vk,g € {1, 2,..., mij}, k# 4.

If for alli € {1,2,...,N} and j € {1,2,..., M} where
Ci; # {0}, the sum of each row of C;; is negative, i.e.,
Mg
DCislee <0 Ve {1,2,...,m},

{=1

then V' satisfies condition (37b).

PROOF. The proof follows the same steps as the proof
of Theorem 6, except in the final step, where it was shown
that AT B;;A < Oforall A € RZ\{0} implies that Q;; <¢,
0. Instead, it needs to be shown that

)\TBijA <0 Ve R;néj\{g} = Qi =¢, 0 (39)

Note that = € (fij is equivalent to x = Rij)\ for some
A e RZ. Thus

xTQija: <0 Vx € éw\{Q}

is equivalent to

ATRLQuRigh <0 YA e RIF\{0}.
Since B;; = R;B-Qijéij, (39) has been proven and the
proof is complete. |

Similar to the case of the SLS, an LP problem can be
constructed such that a solution to the LP problem pa-
rameterizes a CPQ Lyapunov function candidate V' that
satisfies (37b):

find (I), Cij (40)
s.t. Py = E] [®]g, (1)g:(0) Es Vi, k0

Bij = R} (A] P; + PAj)R; Vi, 5, Cij # {0}

[Cijlik = [Bijlkk Vi, j, k, Cy; # {0}
[Cijlee = [Bijlee Vi, j,k,0,Cij # {0}, k # ¢
[Cij]ke = O Vimja k7£7éz_] # {Q}7k # e
D [Cilke <0 Vi, j,k, Cij # {0}.
=1

5.2  Converse theorem

Similar to the converse theorem in the previous section,
we want to show that our method always succeeds in
finding a Lyapunov function for a GES CLS (8).

Theorem 12 Assume that system (8) is GES and that
the triangulation K~ Ty satisfies Assumption 10 for
some K* € N. Then, the LP problem (40) is feasible for
sufficiently large K € N that satisfy K = 2PK*, where
peN.

PROOF. First, note that the condition K = 2P K* en-
sures that Assumption 10 is satisfied, which is a neces-
sary condition to Theorem 11. Second, to prove the feasi-
bility of the LP problem (40), we assign values to all the



variables and then show that the constraints of the prob-
lem are fulfilled when the variables have these values by
following the same steps as in the proof of Theorem 9.

Note that the systems in (8) and (9) are positively ho-
mogeneous of degree one, i.e., F(cxz(t)) = cF(x(t)) for
all ¢ > 0, where F'(z(t)) is the right-hand side of (9). If
(8), or equivalently (9), is GES, it is shown in [36] that
there exists a Lyapunov function W that:

e is infinitely differentiable;

e is positively homogeneous of degree two, i.e., satis-
fies (23);

e and satisfies for all  and some ¢, co,c3 > 0

allz|® < W(z) < ealf|®
VW (z)Ajz < —cs|z|® Ve F,
je{l1,2,...,M}.
Then, by following the same steps as in Theorem 9, we
find that _ _
VVi(r) Ay (41)
is negative for all i € {1,2,...,N}, j € {1,2,..., M},
k.l e{1,2,...,n} for which r},r} € F;, if

- \/na <§ + 9\/§n2ﬁ)

C3

)

where @, § and h are defined in (26)-(28). If (41) is neg-
ative for all 4, j, k, £, then all entries of the matrices B;;
in (38) are negative and thus the LP problem (40) is fea-
sible. OJ

Remark 13 In the case that system (8) and the trian-
gulation KTk do not satisfy Assumption 10 for any
K* € N, a different triangulation T that does satisfy As-
sumption 10 could be used. The converse theorem only
requires that the triangulation T satisfies the bounds in
(30) and (31). This hints at a possible generalization of
our converse theorems to triangulations other than the
triangulation KTy, which could potentially have nu-
merical benefits.

6 Comparison to similar methods

Alternative methods to assess the stability of SLSs and
CLSs are:

e [26], which constructs CPQ Lyapunov functions us-
ing LMIs;

e [19], which constructs CPA Lyapunov functions us-
ing LP and;

e [22], which uses the results in [10] to construct
CPQ Lyapunov functions using LP similarly to our
method, but with different linear inequalities.
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In this section we will highlight some differences between
these methods and the proposed method.

6.1 Comparison to constructing CPQ Lyapunov func-
tions with LMIs

If the method of [26] is applied to the SLS (6), then (11b)
would be enforced by the linear matrix inequality

Qij + E:W”EZ < O,

where W;; = Wl € RL5"™ would be a new optimization
variable. This is equivalent to enforcing that B;; + W;;
is a negative definite matrix.

In our method, we enforce that C;;, defined by (14) and
(15), satisfies (16). It can be shown that this is equivalent
to the existence of a matrix W;; = W} € RLG" such
that C;; := B;; + W;; is a strictly diagonally dominant
and negative definite matrix, i.e.,

n

[[Cijlkr| > Z |[Cijke|

0=1,0+k

(42)

and [Cjjlex < 0 for all k € {1,2,...,n}. See Theorem
15 in Appendix A for the proof. The reason we do not
use this equivalent formulation in the conditions of LP
problems (18) and (40), is because the absolute opera-
tors in (42) would require a large number of slack vari-
ables, which would increase the number of optimization
variables and linear constraints of the LP problems and
therefore it is not computationally attractive.

Nevertheless, the alternative formulation shows that our
method requires B;; + W;; to be a negative definite
and strictly diagonally dominant matrix, whereas the
method in [26] solely requires it to be negative definite.
Therefore, given the same triangulation 7, our method
will always produce more conservative results. For ex-
ample, the matrix

Cij = Bij + Wij = 9 _5

is negative definite, but not strictly diagonally dominant.

Our method, however, can benefit from smaller opti-
mization problems and faster and more robust LP solvers
[1]. Hence, there is a trade-off between accuracy and
complexity. Note that both methods provide necessary
and sufficient conditions for stability if the CPQ func-
tion uses a sufficiently fine partitioning of the state space
[39]. Thus, the conservatism of our method compared to
the LMI method goes away for a sufficiently refined par-
titioning, although the level of sufficient refinement for
the LMI-based method will always be lower or equal to
the level of sufficient refinement of our LP-based method.



6.2 Comparison to constructing CPA Lyapunov func-
tions with LP

Linear constraints on v; € RZ; and ¢; € R ,i €
{1,2,..., N}, such that the CPA function

V(z) = v Biz+c if z € C;,

is a Lyapunov function to a generic nonlinear system,
were introduced in [19]. In [3] the method was applied
to SLSs (6) and in [37] to CLSs.

A challenge with this method is that the number of piece-
wise segments N often needs to be much larger than
when using CPQ functions. To illustrate this, consider
the planar LTI system

(43)

where € > 0, as a special instance of the SLS (6), where
n =2 and M = 1. It was shown in [16, Lemma 3.2] that
to construct a CPA Lyapunov function for (43), the Lya-
punov function requires at least IV piecewise segments

such that
1 < esin 21 + cos 21
€ N N )

This means that for this specific instance of (6), the
CPA method may require a computationally large LP
problem to construct a CPA Lyapunov function. This
behaviour can also become a computational limitation
to the method when applying this method to other in-
stances of SLSs (6) and CLSs (8), the latter of which was
shown in [37].

(44)

By contrast, for any stable instance of (6) with M =1,
our method can always find a quadratic Lyapunov func-
tion, that satisfies the conditions of Theorem 6, provided
that the triangulation 7 used to parameterize V satis-
fies the next assumption.

Assumption 14 The vertices of a simplex S; of T all
lie in the same orthant, for allie {1,2,...,N}.

The proof of this fact is given in Theorem 16 in Ap-
pendix A. This shows that for these specific instances of
(6), our proposed method will require N = 2™ simplices
to construct a CPQ Lyapunov function with an LP prob-
lem, whereas the CPA method may require arbitrarily
many simplices NV, which is a computational advantage
of the proposed method.
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6.3 Comparison to constructing CPQ Lyapunov func-
tions with different linear inequalities

In [22], linear inequalities are used to verify the existence
of a CPQ Lyapunov function for stable piecewise linear
differential inclusions. The linear inequalities are based
on [10] and are similar to enforcing

— Bz ke > 0 Vi,j,k,g
. TP[ K .7] o g (45)
[RU iRij]k:Z >0 Vla]a ka )
i.e., that 7Bij and R;;PZRU, where Bija Rz’j and Pz are
defined respectively in (38), (36) and (3), only have posi-
tive entries for alli € {1,2,...,N}and j € {1,2,..., M}.
This enforces that —B;; and R;;PiRi ;j are copositive ma-
trices, which are sufficient and necessary conditions for
a CPQ function to be a Lyapunov function.

Note however that a copositive matrix does not need to
only have positive entries. For example, the matrix

2 -1

_B.: =
R

is copositive, but does not contain only positive entries.
Whereas the linear inequalities in [10] and [22] would
not be able to verify that —B;; is copositive, the pro-
posed linear inequalities in (18) and (40) would, as the
rows of B;; sum to negative values, i.e., our inequalities
are inherently less conservative. From numerical tests we
found that for low dimensional systems (n = 2), the dif-
ference in conservativeness between the linear inequali-
ties in [10] and [22] and our proposed linear inequalities
is sufficiently small such that neither method is signifi-
cantly computationally more beneficial than the other.
However, for larger dimensional systems (n > 2), the
difference in conservativeness increases, which can be ex-
plained by the growing number of off-diagonal elements
in the matrices B;; on which our linear inequalities pose
less restrictive conditions. This causes our method to
become computationally more efficient in comparison.

It is worth mentioning that in [10] and [22] their method
was shown to always be able to verify whether or not
a CPQ Lyapunov function could be constructed for a
GUES SLS or GES CLS given a triangulation 7 within
a finite number of steps. If no CPQ Lyapunov function
could be constructed using the given triangulation 7, the
cones of the triangulation 7 would have to be partitioned
into smaller cones. However, no converse result was given
that for a GUES SLS or GES CLS this procedure would
eventually find a Lyapunov function. On the contrary,
our converse Theorems 9 and 12 show that for a GUES
SLS or GES CLS and given the triangulation Tx, we
will find a CPQ Lyapunov function that satisfies the
conditions of Theorems 6 or 11, respectively, by stepwise
increasing K.



7 Numerical case study

In this section, we will demonstrate the method pre-
sented in this paper for constructing CPQ Lyapunov
functions with LP on elementary (n = 2) examples from
the literature and on randomly generated SLSs of larger
dimension (n = 4). We will compare the proposed CPQ
(LP) method with the CPQ (LMI) method from [26], the
CPA (LP) method from [19] and the CPQ (LP) method
from [22].

To parameterize the Lyapunov function V', the triangu-
lar fan triangulation Tx mentioned in Section 2 is used.
To solve the LP and LMI problems, the solver Mosek [35]
implemented in MATLAB with Yalmip [32], is used. A
description of an efficient implementation of our method
in C++ is given in [4].

7.1 LTI system

Consider the normalized, planar LTI system (43) with
e = 0.01. Using (44), a CPA Lyapunov function for the
system would require a triangulation 7 with N > 315
piecewise segments. The triangulation 747 is used, since
then N = 2". K"~ !.n! = 328, The CPQ (LMI) method
comes down to solving the LMIs (11a) and (11b) where
N =M =1 and C; = R"*". The CPQ (LP) method
from [22] comes down to solving (45) with triangula-
tion 77.

For the proposed CPQ (LP) method, we use the trian-
gulation 7; (N = 8), which satisfies Assumption 14. By
solving the LP problem (18) with additional linear con-
straints (22), a solution ®, which parameterizes a CPQ
Lyapunov function V, is found. See Fig. 3 for a visual-
ization of V.

A comparison between the different methods is made in
Table 1. A distinction is made between the total time

150 4

3

50 +

Fig. 3. CPQ Lyapunov function constructed with the pro-
posed method for the LTI system (43) with ¢ = 0.01 and 7;.
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Table 1
Comparison between methods for elementary examples.

N[—] | Ttot[ms] | Tso1[ms]

LTI system (43)
CPA (LP) [19] | 328 | 4677 | 4.893
CPQ (LMI) [26] 1| 5525| 1.306
CPQ (LP) [22] 8| 6477 | 1.384
proposed CPQ (LP) 7323 | 1.537

SLS (46)
CPA (LP) [19] || 400 1109 | 9.261
CPQ (LMI) [26] 32| 2262 | 1018
CPQ (LP) [22] 56 | 1619 |  3.707
proposed CPQ (LP) 32 186.1 3.711

CLS (47)-(49)
CPA (LP) [19] || 192 1181 | 3.603
CPQ (LMI) [26] 32| 4058 | 2442
CPQ (LP) [22] 40 | 1346 | 2174
proposed CPQ (LP) 32 169.2 2.431

required to construct, solve and verify the solution of
the LP/LMI problem, 7., and the computation time
required to solve the LP/LMI problem, 74,. While 704
can be reduced by using a more efficient implementa-
tion, such as the one presented in [4], 751 is more diffi-
cult to reduce and is therefore an important scalar when
comparing the different methods.

It is clear that the CPA (LP) method uses the most
computation time, which is due to the high number of
simplices N required due to the low damping € as dis-
cussed in Section 6.2. The CPQ (LMI) method is the
fastest, which was expected as it only needs to solve two
LMIs. The proposed CPQ (LP) method and the CPQ
(LP) method from [22] are slightly slower than the CPQ
(LMI) method, but the performance is comparable. For
the two-dimensional examples, the CPQ (LP) methods
will perform similarly: The method from [22] will be
slightly faster due to less constraints and optimization
variables in the LP problem, but may require a more re-
fined triangulation, as mentioned in Section 6.3. In Sec-
tion 7.3 the difference between the two method for larger
dimensional systems will be highlighted.

7.2 Switched linear system with arbitrary switching

Consider the SLS (6), where M = 2 and

0 1 0 1
Al = ) A2 =
—11.72 -2

46
—-0.01 -2 (46)

This system was studied in [3], where CPA Lyapunov
functions were constructed using linear programming.



It was shown that a CPA Lyapunov function could be
constructed if the triangulation 759 was used.

To construct a CPQ Lyapunov function with the pro-
posed method, the triangulation 7y is used. By solving
the LP problem (18) with additional linear constraints
(22), asolution ®, which parameterizes a CPQ Lyapunov
function V, is found. See Fig. 4 for a visualization of V.
The CPQ (LMI) method also requires a triangulation
Ts. The CPQ (LP) method from [22] requires a triangu-
lation 7.

A comparison between the four methods is made in Ta-
ble 1. Note the difference between the triangulations: the
triangulation T5q of a two-dimensional vector space con-
sists of 400 simplices, whereas 7y consists of only 32 sim-
plices. This shows for this example that in order to con-
struct a CPA Lyapunov function more simplices are re-
quired than to construct a CPQ Lyapunov function. The
LP problem of the CPA (LP) method is solved in a simi-
lar amount of time 740; as the CPQ (LMI) method. How-
ever, due to the large number of simplices N, construct-
ing the LP problem of the CPA (LP) method causes 7ot
to be much larger. The CPQ (LP) methods perform best
in this example, having both the lowest 75, and Tot.
This can be attributed to the low number of simplices
N, which is thanks to the increased flexibility of CPQ
functions over CPA functions, and the computational
advantages of LP over LMI solvers.

7.8  Conewise linear systems

Consider the CLS (8), where M = 4,

—-0.1 1
A3 = ;

-5 —0.1 ")

Fig. 4. CPQ Lyapunov function constructed with the pro-
posed method for the SLS (6) with system matrices (46)
and 7a.
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—-0.1 5
Ay = Ay = (48)
-1 —-0.1
and
./—'.1U.7:3={1'€Rn|1'%>.’£%} (49)

f2uf4={xeR”|m%<x%}.

This system was studied in [25], where CPQ Lyapunov
functions were constructed using LMIs. In [25], a trian-
gulation similar to 73 (N = 8) was used. However, in
the example sliding mode behaviour was not taken into
account, since for this particular example there are no
sliding modes. If we explicitly check for the stability of
sliding modes, a triangulation 7; (N = 32) is required.

To construct a CPQ Lyapunov function with LP with
the proposed method, the triangulation 74 is used. By
solving the LP problem (40) with additional linear con-
straints (22), a solution ® which parameterizes a CPQ
Lyapunov function V is found. See Fig. 5 for a visual-
ization of V. The CPA (LP) method is adapted for the
stability analysis of SLSs, see [37], and is applied to this
example as well. The CPQ (LP) method from [22] re-
quires the triangulation 7.

See Table 1 for the comparison between the three
methods. Similar to the previous example, the CPA
(LP) method requires the most simplices N, causing
the method to have the highest 7¢o;. The CPQ (LMI)
method has the highest 75, due to requiring an LMI
solver over an LP solver. The CPQ (LP) methods
achieve the lowest 74, and 7iot as they benefit from the
best of both other methods: They require a low number
of simplices NV due to the flexibility of CPQ functions
and they can benefit from fast LP solvers.

)
Ji
AR
“\‘\\\‘\\N R
e

5

A

A
®,
A

Fig. 5. CPQ Lyapunov function constructed with the pro-
posed method for the CLS (8) with system matrices (47) and
(48), subsets (49) and Ta.



Table 2
Comparison between methods for randomly generated SLSs.

a [%] Teot[ms] Tsol[ms]

CPA (LP) [19] || 5.10 | 12.843.91 | 7.81+2.75
CPQ (LP) [22] | 159 | 96.9+5.57 | 65.445.16
proposed CPQ (LP) 21.4 | 398+26.4 | 148+19.3
CPQ (LMI) [26] || 36.4 | 839+76.6 | 232+59.2

7.4  Randomly generated SLSs of dimensionn = 4

Finally, we consider a set of 1000 GUES switched linear
systems that were randomly generated. The SLSs are of
the form (6) with n = 4 and M = 2. All four previously
mentioned methods for constructing Lyapunov functions
are applied to these systems with the triangulation 7;.
We define the accuracy a of a method as the percentage
of systems for which the method can find a function V
that is decreasing along all trajectories of the system
(i.e., step one of the two-step procedure in Section 3.3).
All four methods would succeed in finding a Lyapunov
function given a sufficiently refined triangulation Tx (a
converse result for the method in [22] is implied by our
converse theorems), but we are interested in the accuracy
and computation time given a set triangulation. The
used code is precompiled, which reduces 7, compared
to Table 1.

See Table 2 for the comparison between the four meth-
ods, where the mean and standard deviation of 7y, and
Tsol are provided. The methods are ordered by their
achieved accuracy and it can be seen that 7,y and 7Tyo
increase with accuracy. The proposed method sits in be-
tween the CPQ (LP) method from [22] and the CPQ
(LMI) method from [26] in both accuracy (which follows
from the analysis in Sections 6.1 and 6.3) and computa-
tion time. This shows how the proposed method achieves
the highest accuracy of the LP-based methods and thus
comes closer to the accuracy of the CPQ (LMI) method
from [26], while still having lower computation times
than the LMI method.

8 Conclusion

We have presented a method for constructing CPQ
Lyapunov functions for switched linear systems and
conewise linear systems by making use of LP. In com-
parison to classical LMI methods, LP may offer com-
putational advantages especially for problems involving
a large number of optimization parameters and con-
straints, which is the case when accurate analysis with
CPQ functions requires a partition of the state space
with a large number of regions. In order to arrive at
an LP problem, we formulated sufficient conditions for
the copositivity of matrices in terms of testing diago-
nal dominance. This involves defining linear constraints
that can be solved using an LP. Interestingly, despite
that there is some conservatism in the formulation of
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copositivity of a matrix in terms of linear inequalities,
we provided converse theorems guaranteeing the fea-
sibility of our LP conditions in case of a G(U)ES SLS
or CLS and a sufficiently refined partitioning. Hence,
there is no conservatism in our LP conditions provided
that the partitioning is sufficiently refined. The method
is shown to be the least conservative of the LP-based
methods [19] and [22] given a fixed partitioning and
numerically competitive with the LMI-based method
in [26] on various CLSs and SLSs. For future work, the
method could be generalized to piecewise linear and
affine systems, as well as discrete-time versions of those
systems and the systems considered in this paper.
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A Auxiliary theorems

Theorem 15 Given a matric B = BT € R™*", define
C=CT eR"™™ gs

[Clik = [Blk
[Clke = max([B]e,0)

Vke{1,2,...,n} (A.1)
Vi, 0e{1,2,...,n},k # L.

(A.2)
Then, C' satisfies
YCle <0 Vke{1,2,...,n}, (A.3)
=1

if and only if there exists W = W e RLG™ such that B+
W is a negative definite and strictly diagonally dominant
matriz.

PROOF. First, we will prove the “only if” part of the
theorem. If C' as defined in (A.1) and (A.2) satisfies
(A.3), then C is negative definite (see first step in The-
orem 6) and strictly diagonally dominant, because

0> =N
=1
~[Clix > Y [Clue —
0=1,02k
[CTrel > D] 1[CTel -
0=1,04k

Here we make use of the fact that the off-diagonal entries
of C' are nonnegative. Thus, W = C' — B is an admissible
solution to ensure that B + W is negative definite and
strictly diagonally dominant.

Next, we will prove the “if” part of the theorem. Note
that if D := B + W is negative definite, its diagonal en-
tries fulfill [D]gx = ezDek < 0, where ey, is the standard
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k-th unit vector. Since W only contains nonnegative en-
tries,

[Clkk
I[C] kel

Vke{l1,2,...,n}

0> [D]kk
| Ve, Le{1,2,...,n},k # L.

>
[[D]ke| =
Therefore, C' must be strictly diagonally dominant if D
is strictly diagonally dominant and the diagonal of C'
must only contain strictly negative entries. Thus, C will
satisfy (A.3). O

Theorem 16 Given an LTI system

i = Az, (A.4)
where x € R™ is the state and A € R™*"™ is Hurwitz, there
always exists a CPQ Lyapunov function V that satisfies
the conditions of Theorem 6, provided that V is param-
eterized with a triangulation T that satisfies Assump-
tion 14.

PROOF. First, note that (A.4) is a special case of (6)
where M = 1 and thus Theorem 6 can be applied.

Second, suppose that the CPQ Lyapunov function V is
a quadratic Lyapunov function V = 2" Pz, i.e., P, = P
for all ¢ € {1,..., N}, where P is the solution of the
Lyapunov equation
ATP4+PA=—1. (A.5)
It is a well-known result that V' is then a Lyapunov func-

tion of (A.4). Now, we prove that P also satisfies the
conditions of Theorem 6 to complete the proof.

The matrices Q;; in (11b) will be equal to —I for all
i€{l,...,N} and j = 1. Therefore,

Bij = R/ Q;jR; = —R] R,

Since the columns of R; are vertices of a simplex S; of
a triangulation 7, Assumption 14 implies that B;; has
only negative entries on its diagonal and nonpositive
entries otherwise. Then, if we define C;; according to
(14) and (15), the diagonal entries of C;; will also be
negative and the off-diagonal entries will be zero. Such
matrices C;; will satisfy conditions (16). O



